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Abstract

We establish secure domination in bipolar hesitancy fuzzy graph. We extend the concept to secure total
domination and 2- secure domination in bipolar hesitancy fuzzy graph. Further some theorems and examples
related to secure domination are discussed.
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1 Introduction

L.A. Zadeh [?] was the one who initially introduced the idea of fuzzy sets. By applying Zadeh’s fuzzy relation,
Kaufmann designed fuzzy graph in 1973. A. Somasundaram and S. Somasundaram were the first to develop
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the fuzzy graph domination notion [2]. Bipolar Fuzzy Graph (BFG) is a concept that was developed by M.
Akram. M.G. Karunambigai, Palanivel, and Akram introduced the approach of domination in bipolar fuzzy
graphs [3]. The book ”Graphs for the Analysis of Bipolar Fuzzy Information” by Akram, Sarwar, and Dudek is
an excellent resource for comprehending the ideas of domination in BFGs[4].In bipolar fuzzy graphs, S. Ramya
and S. Lavanya established edge domination, [5] V. Torra [6] initially developed the idea of hesitant fuzzy sets
in the year 2010. Hesitancy fuzzy graph, a new approach to fuzzy graph theory was first established by T.
Pathinathan,et.al[7]. R. Sakthivel et al. studied the concept of domination in hesitancy fuzzy graphs[8]. K.
Anantha Kanaga Jothi and K. Balasangu defined the concept of irregular and entirely irregular bipolar hesitancy
fuzzy graphs in the year 2021, as well as some of its attributes.Also some important paper for reference here [9]
[10][11][12][13][143][15].

Motivated by these domination concepts, we aim to establish the concept of secure domination in bipolar
hesitancy fuzzy graph(BHFG), also discuss some definitions and properties related to 2-secure domination in
BHFG with examples.

2 Preliminaries

Definition 2.1. Let X be a non empty set. A bipolar fuzzy set B in X is an object having the form B =
{(z, pE(x), uB (2))|z € X} where, ph : X — [0,1] and p¥ : X — [—1,0] are mapppings.

Definition 2.2. A Bipolar Fuzzy Graph (BFG) is of the form G = (V, ) where
1. V = {v1,vs,..un} such that gt : V — [0,1] and p¥ : V — [~1,0]
2. £CVxVwhere uf : VxV —[0,1] and pd : V x V — [~1,0] such that

p (vi,05) < min(p (vi), ut (7))

and
1 (viyv;) > maz(pt (v:), p1 (v5))
for all (vi,v;) € &.

Definition 2.3. Let G = (V,£) be a BFG is said to be strong then puf = min(ui (vi), ud (v;)) and pd =
maz(pl’ (vi), p’ (v;)) Voi,vj € V.

Definition 2.4. Let G = (V,€) be a BFG is said to be complete then,
pz (vi,v5) = min(uy (v:), p1’ (v;))

Mév(viavj) = mam(uiv(vi)7ﬂiv(vj))

for all v;,v; € V.
Definition 2.5. An arc (a,b) is said to be strong edge in a BFG, if
18 (a,b) > (u5)(a,b) and g3 (a,8) > (1) (a,b)
whereas (1) (a,b) = maz{(p5)*(a,b)|k = 1,2,...,n} and (ud)*°(a,b) = min{(pd)*(a,b)|k = 1,2,...,n}.

Definition 2.6. Let G = (V,£) be a BFG, then cardinality of G is defined as

g =3 (14 pf (vi) + 1 (v)) . (14 p5 (vi, v5) + 3’ (vi,v5))

2 2
v; EV (vi,vj)EE
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Definition 2.7. The cardinality of V, i.e., amount of nodes is termed as the order of G = (V, £) and is signified
by |V|(or O(G)) and determined by

L+ pt (vi) + pt (vi)

0G) ==Y )

v; EV

The no. of elements in a set of S, i.e., amount of edges is termed as size of G = (V, ) and signified as |S|(or
S(G)) and determined by
(1 + pf (vi, v5) + pd (i, v5))
S(G) =15 =
@=Isl= )

(vi,vj)Eg

for all (v;,v;) € €.

3 Bipolar Hesitancy Fuzzy Graph
Definition 3.1. Let X be a non-empty set. A Bipolar hesitancy fuzzy set
B ={x,p1 (z), 1 (),71 (x),71 (x),B1 (), B7 (z)/2 € X}
where uf v, 87 : & = [0,1] and pf, 7Y, BY : & = [—1,0] are mappings such that,
0 < pi (x) +7 (2) + Bi (x) < 1

and
—1 < (@) + 71 () + B (z) <0

Definition 3.2. Let X be a non empty set.Then we call mappings ,uf,yf,ﬂf X x X —[0,1], pév,wév,ﬁév :
X x X — [—1,0] are bipolar hesitancy fuzzy relation on X such that,

s (z,y) < pt (@) A pt () pd (zy) = pd (@) Vit (1); 98 (2,0) < A (@) At ()98 (2,y) = A (2) Vi (v);
B2 (z,y) < B (x) ABT (y); 82 (2,y) > BT () V BT (y).

Definition 3.3. A bipolar hesitancy fuzzy relation A on X is called symmetric relation if uf (z,v) = pf (=, y),

13 (2, y) = pd (z,y) 78 (2,9) =75 (@, 1), 1 (2, 9) =73 (z,9), B (x,y) = B3 (z,y), B2 (x,y) = B2 (x,y) for all
(z,y) € X.

Definition 3.4. A Hesitancy fuzzy graph is of the form G = (V, E) where,

V = {v,va,...vn} such that ui,7v1,61 : V. — [0,1] denote the degree of membership, non-membership and
hesitancy of the vertex v; € V respectively and pi(vi) + 71 (v:) + B1(v;) = 1 for every v; € V where 81 (v;) =
1 — [pa(vi) +71(vi)] and

E CV xV where p2,7v2,82 : VXV — [0, 1] denote the degree of membership, non-membership and hesitancy
of the edge (vi,v;) € E respectively such that,

p2(vi,v;) < pa(vi) A pa(vs); y2(vi,v5) < ya(vi) Vya(vs); Ba2(visvs) < Bu(vi) A Pa(v;) and 0 < pa(vi, v;) +
Y2 (vi, v5) + B2(vi,v5) < 1 for every (v;,v;) € E.

Definition 3.5. A Bipolar Hesitancy Fuzzy Graph (BHFG) is of the form G = (V,E) where

(i) V= {v1,v2,...,v,} such that uf, 7,8 : V= [0,1] denote the degree of positive membership, positive
non-membership and positive hesitancy of the vertex v; € V respectively, ul¥, &, 8N : v — [—1, 0] denote
the degree of negative membership,negative non-membership and negative hesitancy of the vertex v; € V.
For every v; € V,
pt (v3) + 1 (vi) + B (vi) = 1 and pf (v;) + 71" (vi) + B7 (i) = =1
B (i) =1 — [pf (vi) + 7 (vr)] and BT (vi) = =1 = [u1 (vi) + 71" (v3)]
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(ii) E CV xVwhere, uf, 74,85 : v x V= [0,1]; ud, &, 85 : V x V = [—1,0] are mappings such that

15 (vi,v5) < iy (vi) At (v5)
w2’ (vi,v;) > pn (vi) V pr (v;)
2 (0i,v5) <A1 () VAL (v5)
Y2 (vi,v5) = 71 (vi) A (v;)
Bs (vi,v;) < B (vi) A BT (v5)
B2 (vi,v5) = Br (v:) V B (v;)

denote the degree of positive, negative membership, degree of positive, negative non membership and
degree of positive, negative hesitancy of the edge (vs,v;) € E respectively and

0 < pz (vi,05) + 72 (vi,v;) + B2 (vi,v;) < 1

-1< /Lév(vivvj) + ’Yév(vivvj) +ﬂé\](vi7vi) <0

for every (v;,v;) € E.

(%
(0.4,02 0.4)1 (0-4,0.2,0.2)-02,-04,0.1) % ((%% %3 ‘60:(2))1)
(-0.6,-0.2,-0.2) /‘0/0-5
AL
(0.4,0.1,0.2) U3
(-0.4,-0.4,-0.1) (0.8,0.1,0.1)
o (-0.2,-0.4,-0.4)
Vs
(0.7,0.1,0.2) (0.2,0.2,0.2Y-0.3,-0.3,-0.1) v4 (0.2,0.3,0.5)
(-0.4,-05,-0.1) (-0.3,-0.1,-0.6)

Fig. 1. Bipolar Hesitancy Fuzzy Graph

Example 3.1. From Fig 2, for vertex v,

w () + 95 (1) + BT (v1) =04+02+04=1

i (01) + 41 (v1) + B (1) = =06 —0.2 — 0.2 = —1.

For edge (v1,v2); ud (v1,v2) + 74 (v1,v2) + 85 (v1,v2) =0.8 < 1
N N N —

u2' (v1,v2) + 2 (vi,v2) + B2 (v1,v2) = —0.7 > —1.

Definition 3.6. A Bipolar Hesitancy Fuzzy Graph G = (V,E) is said to be complete when, ud (v;,v;) = puf (vi) A
Mi(%‘)#évgyiavj) :]#iv(vi) Vuivlgvj), 75(’%7%) = (i) Vi (03), 78 (viy05) = 71 (0i) A (v3) , B3 (viy05) =
Bi (vi) A BT (v5) , B2 (vi,v5) = B1 (vi) V BY (vj) for every v;,v; € V.

Definition 3.7. A Bipolar Hesitancy Fuzzy Graph G = (V,E) is said to be strong when, ud (vi,v;) = pi (vi) A
M}Iz(vj)wévggvi,vj) :Nuiv(vi) vu{VJSyj) 75(%, ;) = (V) Vi (), 13 (vi,05) = A1 (V) A (v5) , B3 (vi,05) =
Bi (vi) A B1 (v5) , B2 (vi,v5) = B1 (vi) V B1 (vy) for every (vi,v;) € E.

Definition 3.8. Let G be a Bipolar hesitancy fuzzy graph. The neighbourhood of a vertex z in G is defined by
N(z) = (Nf(x),N‘]Lv(x),Nf(x),Ny(x),Ng(m),NéV(:c)) where
Ny (z) = {y € V/ug (z,y) < pi (2) Apt (2)}; Np(2) = {y € V/p3 (z,y) > pi (2) V ud () 5N5 () = {y
V/vs (z,y) < Al (@) AT ()} NY(2) = {y € V/72' (z,y) > 1 (2) VA (@) 5NE () = {y € V/B5 (2,y)
BT (x) A BT (2)}; Ni' () = {y € V/B3 (a,y) > BT (x) V B (2)}.

€
<
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Definition 3.9. Let G be a Bipolar Hesitancy Fuzzy Graph. The neighborhood degree of a vertex x in G is
defined by

deg(z) = [deg p” (x),deg i (z),deg v (z), degy" (z), deg B (x), deg B ()]
y € V, where

degp(z) = Y wi(y)degp™ (@)= D pi (y)degy ()= DY ()

yEN (x) yEN(z) yEN (z)
degyM(z) = > ' (y),degB (x) = Y Bi(y)degsV(x)= > B()
VN () VEN () veN ()

Definition 3.10. Let G = (V,E) be a BHFG. The edge cardinality of G is given by,

E=r= 3 3+ p3 (vi, v5) + 5’ (03, v5) + 95 (03, v5) + 95 (Vi v5) + B2 (vi,v3) + B3 (vi, v;)
3

(vi,v;)€EE

Definition 3.11. An Arc (u,v) is said to be strong edge in BHFG. then, uf (u,v) > (ud)™(u,v),ud (
(12")% (u, )73 (u,0) > (7)) (w, 0) 33" (u,0) > (93)% (u,0),85 (u,0) > (85)%(u, v), B3 (u,v) > (85) (u,v)
whereas (u) (u, v) = maz{(ud)*(u,v)|k = 1,2,...,n};(ud ) (u,v) = min{(ud )" (u,v)|k =1,2,...,n};
maz{(y3)" (u,v)[k =1,2,...,n}; (1) (u,v) = min{(43) " (u, v)[k = 1,2,...,n}; (B3) (u,v) = maz{(
1,2,...,n}; (BY)°(u,v) = min{(B)* (u,v)|k = 1,2,...,n}.

4 Main Result

Definition 4.1. Let G be a BHFG and u,v € V. A subset D of V is called dominating set in G if for every
u € V— D, there exists u € D such that v dominates v. The minimum cardinality taken over all dominating sets
of G is called the domination number of Gand denoted by ~;(G)

Definition 4.2. Let G be a BHFG without isolated vertices. A Total dominating set D of a BHFG G is a
dominating set in which the subgraph < D > induced by D has no isolated vertices. The minimum cardinality
taken over all total dominating sets is called the total domination number of G and is denoted as Yt (G).

Definition 4.3. In a BHFG G. A Secure dominating set S C V is a dominating set, if for every vertex u € V— 8
is adjacent to a vertex v € S such that (S — {v}) U{u} is also a dominating set. The minimum cardinality taken
over all secure dominating sets of G is called the secure domination number of G and is expressed as 7 (G).

Example 4.1. From the above graph 4, {vi,v2,va}, ,{v2, va, vs},{v1,vs,va},{v2,v3,v4,v5} are the secure dominating
sets

Corollary 4.2. Every secure dominating set will be a dominating set but every dominating set need not be
secure.

Proof. From Example 4.1, The vertex set {v1,v2} is a dominating set but not a secure dominating set. O
Definition 4.4. Consider a BHFG G without isolated vertices. A total secure dominating set is a secure
dominating set S in which the subgraph < S > induced by S has no isolated vertices. The minimum fuzzy

cardinality taken over all secure total dominating sets of G is called the total secure domination number of G and
is denoted by vps:(G).
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(0.3,0.1,0.6) V1
(~0.2,-0.4,—0.4)

(0.7,0.2,0.1) (0.5,0.1,0.4)

(-0.3,-0.2,-0.5 (—0.3,-0.2,-0.5)
] v
ey ey
(0.4,0.1,0.1) 0.2,0.1,0.4)
(~0.3,-0.1,—0.4 (~0.1,-0.2,-0.5)
(0.2,0.1,0.5) (-0.3,0.20.4)
(0.4,0.1,0.5! (0.2,0.1,0.7)
(-0.5,-0.1,-0.4)V3 es V4(-0.1,-0.3,-0.6)

Fig. 2. Secure Domination in BHFG

Definition 4.5. A subset D* of V is called a 2-dominating set in G if every vertex of V — D* has atleast two
neighbour in D*.
The minimum cardinality taken over all 2-dominating sets of G is called the 2-domination number of G and is
denoted by 72(G)

Definition 4.6. A subset D* of V is called a 2-total dominating set in G, if D* is a 2-dominating set and the
subgraph induced by D* has no isolated vertices.

The minimum cardinality taken over all 2-total dominating sets of G is called the 2-total domination number of
G and is denoted by 72:(G).

Definition 4.7. In a BHFG G. A secure 2-dominating set is a 2-dominating set S* C V, if for every vertex
u € V— 8" is adjacent to a vertex v € 8" such that (8* — {v}) U{u} is 2-dominating set.The The minimum
cardinality taken over all 2-secure dominating sets of G is called the 2-secure domination number of G and is
expressed as Yaps(G).

Definition 4.8. Consider a BHFG G without isolated vertices. A 2-secure total dominating set is a 2-secure
dominating set in which the subgraph < 8* > induced by S* has no isolated vertices. The minimum fuzzy
cardinality taken over all 2-secure total dominating sets of G is called the 2-secure total domination number of
G and is denoted by 7y2ps¢(G).

Example 4.3. From the above graph 4, {vi,vs,vs,ve}, ,{v2, va, vs, v },{v1, V2, v3,va} are the 2-secure dominating
sets
Theorem 4.4. Let G be a complete BHFG. If S is a minimal dominating set in G then

1. S is a secure dominating set

2. 8 is not a secure total dominating set.

Proof. Given S is a minimal dominating set of a complete BHFG G. Every arc in a complete bipolar hesitancy
fuzzy graph is a strong arc,then minimal dominating set S contains only one vertex v, i.e., 8§ = {v}. Now for any
vertex v; € V— 8 and v; is adjacent to v. Then (S — {v}) U {v;} = {v:} is a dominating set. Thus, S is secure
dominating set.

Since any secure dominating set of a complete BHFG contains a vertex v;, by the definition of total dominating,
S is not a secure total dominating set. (I
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vy (0.3,0.4,0.3) (0.3,0.1,0.3)

v5(0.5,0.1,0.4
(~0.2,-0.6,-0.2) (~0.2,-0.4,-0.2) 3 ( )

-0.3,-0.2,-0.5)

o €1 B
< B
: =
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< T
€y <o S e
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vy (0.2,0.1,0.5)(~0.1,-0.2,-0.5) 4(0.2,0.1,0.7)
(0.4,0.1,0.5) (~0.1,-0.3,-0.6)

(—0.3/-0.2,-0.5)

Fig. 3. 2-Secure Domination in BHFG

Theorem 4.5. Let G be a complete BHFG. If D is a minimal dominating set in G then
1. D is not a 2-dominating set,

2. D is not a 2-total dominating set.

Proof. Consider a complete BHFG G, If D is a minimal dominating set in G, then D contains a vertex of minimum
cardinality but 2-dominating set should contain atleast two vertices. Therefore, D is not a 2-dominating set.
Similarly, D is not a 2-total dominating set. O

Theorem 4.6. For a complete BHFG G,
Yos (G) = 75(G) (4.1)

Proof. Let us consider a complete BHFG G. Let S be a minimal dominating set of G. Then S contains a vertex
{v}, i.e.,

S = {v} (4.2)
The minimum cardinality of S is denoted by 7,(G). By Theorem (4.5), S is also secure dominating set and the

minimum cardinality of secure dominating set is denoted by 7ss(G).
Hence, 75(G) = 75(G) O

Theorem 4.7. Every 2-secure dominating set of a BHFG G is a secure dominating set of G.

Proof. Let G be a BHFG and S be a 2-secure dominating set of G. Then every vertex u € V — S is adjacent
to a vertex v € S such that (S — {v}) U {u} is 2-dominating set. Since S is a 2-secure dominating set then by
definition, S is a 2-dominating set and every 2-dominating set is a dominating set. Thus every vertex u € V— S
is adjacent to a vertex v € S such that (S — {v}) U {u} is a dominating set. Thus S is a secure dominating set of

G. O

Theorem 4.8. For a bipolar hesitancy fuzzy graph G,

’YQbs(G) > Yos (G)) (43)
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Proof. By Theorem(4.7), every 2-secure dominating set of a BHFG G is a secure dominating set of G. Thus
every minimum 2-secure dominating set of G is also a secure dominating set of G. Thus, vy255(G) > Vs(G)) . O

Theorem 4.9. Let G be a BHFG. If S is a 2-dominating set of a path of G, then S is not 2-secure dominating
set.

Proof. Consider a BHFG G.Let P, be a path of G and S is a 2-dominating set of a path P,. Then S contain
two pendent vertices v; and v;. Now for some v € V— 8 and u is adjacent to v;. Thus (S — {v;}) Uu is not
2-dominating set. Thus S is not 2-secure dominating set. (I

Theorem 4.10. Let Gm,n be a complete bipartite BHFG. If S is a dominating set of G, then S is not a secure
dominating set.

Proof. Given that S is a dominating set of a complete bipartite BHFG G,,,» Then S should contain a vertex in
V1 say u and a vertex in Vs, say v. Now for some v; € V— S and v; is adjacent to u € V1. Thus {S — {u}} U {vl}
is not dominating set. So S is not a secure dominating set.

Theorem 4.11. Let G be a BHFG with only strong edges and without isolated vertices and S is a minimal secure
dominating set. Then V— S is a secure dominating set of G.

Proof. Consider a BHFG G with only strong edges and without isolated vertices. Given that S is a minimal
secure dominating set of G. Then by definition, every vertex u € V — S is adjacent to a vertex v € S such that
(s — {v}) U{u} is dominating set.

Claim: Prove that V — S is a secure dominating set of G.

Assume that V — S is not secure dominating set. Then there exist vertex w € S is adjacent to a vertex x € V— S
such that (S—{z})U{w} is not dominating set. Thus x is not dominated by any vertex in S which is contradiction
to our assumption that S is minimal secure dominating set and G has no isolated vertices and has only strong
edges. So V— 8 is a secure dominating set of G. O

5 Applications

As an extension of secure domination in BHFG, the results for 2-secure domination in BHFG were also
achieved.These ideas have a wide range of practical applications, including traffic signals where, in the event that
any traffic is caused by congestion, a secure line can be constructed for simple vehicle movement by preventing
congestion can be made utilising these ideas.

Future developments on this notion include its extension to other concepts of dominations, such as edge and
inverse dominations in different types of bipolar fuzzy graphs.

6 Conclusions

Using a bipolar hesitancy fuzzy graph, secure domination was achieved, and in this study, we have outlined the
ideas involved. With examples, we have illustrated the ideas.
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