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Abstract

>

In this paper, a class efrings which is a generalization efreversible rings is introduced. A ring wi
involution * is called centrak—reversible if fora,b € R, wheneveub = 0,b*a is central inR. Since
everyx—reversible ring is central-reversible, sufficient conditions for centralreversible rings to be-
reversible is studied. We show that some results—ofversible rings can be extended to central
reversible ring. For an Armendariz riRy we prove thar is centralx—reversible if and only if the
polynomial ringR[x] is central*—reversible if and only if the Laurent polynomial riRfx,x~1] is
centralx—reversible.
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1 Introduction

Throughout this note we assume that rings are asseciatiln identity unless otherwise stated. A riRds
reducedif it has no non zero nilpotent elements. A ring is exhtentral reduced1] if every nilpotent
element ofR is central. A ringrR is calledsemicommutativé for all a,b € R,ab = 0 impliesaRb = 0 [2].
According to Lambek [3], a ring is symmetridf for anya ,b,c € R,abc = 0 impliesacb = 0 if and only

if abc = 0 impliesbac = 0. R is calledreversiblering if ab = 0 & ba = 0, for anya, b € R [4]. Central
reversiblering R is defined by Kose, et al. in [5] as follows: If for anyb € R,ab = 0 implies ba is
central in R. Reduced rings, central reduced rings, symmetric rings rawersible rings are central
reversible. An additive mapping R — R is calledan involutionif (ab)* = b*a* and (a*)* = a for all
a,b € R. A ring equipped with an involution is called ring with involutionor *—ring. We say that an
involution = of a ringR is asemiproperinvolution if for anya € R,aRa* = 0 impliesa = 0 [6]. Recently,
the notion of reversibility is defined forsaring [7]. A ring R with an involution* is called+—reversibleif
for any a,b€R,ab=0 implies b*a=0. A =-reversible ring is symmetric, reversible and
semicommutative ring. A rin@® with involution = is called x—symmetricif for any elementsz,b,c €
R,abc = 0 implies acb” =0 [8]. It is clear thatx—symmetric ring with unity is~—reversible. Fors—
reversible ringr, it is proven thak is symmetric if and only iR is *—symmetric [8]. A ringR is calledright
(left) principally quasi-Baef9] if the right (left) annihilator of a principal riglteft) ideal ofR is generated
by an idempotent. Finally, a rirg is calledright (left) principally projectiveif the right (left) annihilator of
an element o is generated by idempotent [10]. Throughout this paperuses (R), N(R) andP(R) to
denote the center of a ririy the set of all nilpotent elements mand the prime radical, respectively. We
write R[x] andR[x ,x 1] for the polynomial ring and the Laurent polynomial riregpectively.

2 Central *—Reversible Rings

In this section we introduce a class of rings, calledraé+—reversible rings, which is a generalization-ef
reversible rings.

2.1. Definition: A ring R with an involution * is called central *—reverbf whenever ab=0 for adR,b"*
ais central in R.

Cleary, *-reversible rings are centratreversible. We supply an example to show that all central
reversible rings need not bereversible. We show that centratreversible rings are weakk-reversible
rings. We prove that centratreversible rings are abelian and there exists an abré@ligubut not centrat—
reversible. We prove that every centmatreversible ring is centrat—semicommutative and 2-primal.
Moreover, we prove that R is reduced and centralreversible ring, then the trivial extensidgr, R) is
central =—reversible. For an Armendariz ring, we prove tRats centralx—reversible if and only if the
polynomial ringR[x] is centralx—reversible if and only if the Laurent polynomilx ,x~1] is central—
reversible. Finally, the Dorroh extension of R is centrakversible if and only if a ring is centralx—
reversibl.

2.2. Example:Let R be a commutative ring and consider the ring

0 a b
S = I(O 0 c) la, b, c€ R}. Let* be an involution o defined by
0 0 O

0 a b\" (0 ¢ b 0 a b 0 a, b,
0 0 C) =(0 0 al Let=(0 0 C1>:B= 0 0 c¢,|€eSwithdB =0.
0 00 0 00 0 0 O 0 0 O
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Then

0 ¢ by\/0 a; by 0 0 co
B*A = (O 0 a2> (O 0 c1> = (O 0 0 > € Z(S).
0 0 0/\N0 O O

Therefore S is centrak-reversible.

Clearly, every«-reversible ring is central-reversible. In the next example we will see the comrvé&ssot
true in general.

2.3. Example: Let R = Z,,®Z,, which is a commutative ring under usual multiplication. iDefthe
exchange involutior onR by (a,b)* = (b,a), for all (a,b) € R. It is clear thaRR is central«—reversible.
Now, leta = (5,0),b = (4, 3); then we see thatb = 0 while b*a = (3,4)(5,0) = (5,0) # 0. HenceR

is notx—reversible.

Our next study is to find conditions under which a centratversible ring is—reversible.

2.4. Proposition: If R is a centrak-reversible ring, the® is x-reversible ifR satisfies any of the following
conditions.

1 — R is a ring with semiproper involution
2 — R is aright (left) principally projective ring.
3 — R is aright (left) principally quasi-Baer ring.

Proof. First statement is clear. Conversely, assume Rhist a centrak-reversible ring and:, b € R with
ab = 0. Now consider the following cases.

1 — Let R be a ring with semiproper involution Sinceb*a is central,b*aR(b*a)* = b*aRa*bh =
Ra’b*ab = 0 and sdb*a = 0. ThusR is *-reversible.

2 — Let R be a right principally projective ring. Then there existeatral idempoten¢ € R such that
rz(a) = eR. Henceae = 0. Since b € rz(a) = eR, we haveb = eb. It follows that b*a =
(eb)'a =b"ea =b*ae = 0. Thus R is =-reversible. A similar proof may be given for left
principally projective rings.

3 — Same as the proof of (2).

2.5. Corollary: Let R be a ring with involutiorx. If R is centralk—reversible, then the conditions below are
equivalent.

(1) R is aright (left) principally quasi-Baer ring.
(2) R is aright (left) principally projective ring.

Next we show that centratreversible rings are closed under finite direct sums.

2.6. Proposition: Let {R;};c; be a class of rings for a finite index $eThenRr; is central«—reversible for all
i € I'if and only if®,;¢,;R; is centrak—reversible.

Proof. The necessity follows from definitions. The sufficiengylear since a subring of centradreversible
ring is centrak—reversible.

The following result is a direct consequence of Prajposk.6.

2.7. Corollary: Let R be a*-ring. TheneR and (1 —e)R are centralx—reversible for some central
idempotent in R if and only ifR is centrak—reversible.
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2.8. Remark: If R is *—reversible ring without unity, theR is *—symmetric. Suppose thabc = 0, then
bca = 0. Hencea*bc = c*a*b = (¢*a*)*b* = acb* = 0. Thereforer is *—symmetric.

2.9. Lemma:Let R bex—reversible ring. Izb € N(R) fora,b € R, thenb*a € N(R).

Proof. Let R be x—reversible ring. Assume thab € N(R) for a,b € R. Then there exists a positive integer
n such thatab)™ = 0. By above remark® is x—symmetric. It follows that

b*a(ab)"™! = 0= abb*a(ab)* 2 = 0.
= b*ab*a(ab)* 2 = 0.
= (b*a)?(ab)*? = 0.
= (b*a)*(ab)*? = 0.

Using a similar method we geth*a)* tab = ab(b*a)™ ! = b*a(b*a)"*™! = (b*a)" = 0. Therefore,
b*a € N(R).

2.10. Lemma:lf R is centrak—reversible ring, then it is abelian.

Proof. Let e be an idempotent at. For anyr € R, (re — ere)(e — 1) = 0 implies (e — 1)*(re — ere) =
ere —re is central. Commutingzre —re by e we haveere —re = 0. Similarly for anyr € R, (e —
1er—ere=0implies ere— er=0. Therefore® is abelian.

Every abelian ring need not be centrateversible for some involutionas the following example shows.

2.11. Example:Consider the ring

R= {(‘z b) |a,b,c,d €Z,a=d(mod2),b=c= O(modZ)}. Since0 and the identity matrices are the

d
. . . . ) . . a b\ a ¢
only idempotents oR, R is abelian ring. Define an involutionon R by (C d) = (b d)' On the other
. _(0 2 _ (0 2 - _ wa (0 3
hand, consideA = (0 2),B = (0 0) with AB = 0. But B*A is not central foilC = (1 0) € R. Hence

R is not centrak-reversible.

Recall that a ringR is calleddirectly finite whenevera, b € R,ab = 1 impliesba = 1. Then we have the
following.

2.12. Corollary: Every centrak—reversible ring is directly finite.

Recall that a rin@R is calledunit-central[11], if all unit elements are central kv It is proven that every
unit-central ring is abelian.

2.13. Lemma:Let R be a unit central ané-reversible ring. Iff is a nil ideal ofR, thenR /I is centralx—
reversible.

Proof. Leta,b € R with (a+ 1)(b+1) =0+ 1. Thenab + I =1 and soab € I. Therefore there exists a
positive integem such that(ab)™ = 0. Hence(b*a)™ = 0. It follows thatb*a € N(R) c Z(R) [11]. Thus
rb*a = b*ar for anyr € R. Thereforeg(b* + I)(a + I) is central inR /1.

The given example proves that forRifis a ring with involution and an idea] if R/I is centrak—reversible,
thenR need not be centratreversible.
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2.14. Example:Let R = [g %] whereZ the set of integer. Consider the idéak [g g] of R. Then

R/I = {[g 2] +1,a€ Z} is centralx—reversible. Let« be an involution onkR defined by[O
1 —1”0 1]_[0 -1

0 0 “lo o

[a _cb] Letd = [8 %]'B - [(1) (1)] € R, we havedB = 0 butB*A = [ o

0
central inR. ThereforeR is not centrak—reversible.

2.15. Lemma:LetR be ax—ring. TherR is domain if and only if it is a prime and central

Proof. Leta,b € R with ab = 0. Thenxab = 0 for anyx € R and sob*xa is central. Thertb*xab =0 =
b*xatb for anyt € R. SinceR is prime,b* = 0 oratb = 0 and s = 0 ora = 0. The rest is clear.

A ring R is calleda—semicommutative if whenevab = 0 for a,b € R,aRa(b) = 0, wherea:R - R is an
endomorphism [12]. By replacing the endomorphistoy the involution which is an anti-automorphism of
R of order two, we have a rirgy with involution = is said to be—semicommutative, if whenevab = 0 for
a,b € R, aRb* = 0 and is called centra+semicommutative ihb = 0 impliesaRb* is central fora,b € R.

A ring R with involution = is called=—rigid, if for anya € R,aa* = 0, thena = 0 [8], while the ringR is said
to be centrak—rigid if for anya € R, aa* = 0 impliesa is central.

2.16. Theorem:LetR be a right principally projective ring. Then the foliog are equivalent.

1 -Ris reduced

2 —R is centrak-rigid.

3 —Ris centrak—reversible.

4 —R is centrak-semicommutative.
5 —Ris abelian.

Proof. Note first that iR is a right principally projective ring, then evedgmpotent is central.

(1) = (2) Leta € R with aa* = 0. Then we havé€a*ra)? = 0 and sa*ra = 0 sinceR is reduced. We have
a €rg(a’r) = eR for somee? =e €R. Soa=ea anda*re=0. If r=1,a'e = 0 andea* = 0. Since
a* € rg(a),a* = ea* = 0. Hencea = 0 and so central.

(2) = (3) Leta,b €R with ab = 0. Thenb € rg(a) = eR for somee? = e € R. Sob = eb andae = 0.
On the other hant*a® = 0. Thena® = ea” andb*e = 0. We haveb*a(b*a)* = (eb)*aa’b = b*eaa"b = 0.
SinceR is centrak—rigid, b*a is central. Henc® is centrak-reversible.

(3) = (4) Let a,b e R with ab =0, thenb*a* = 0. For all x € R,xb*a* = 0. SinceR is central *—
reversibleaxb* is central. Henc® is centrak—semicommutative.

(4) = (5)and(5) = (1) Clear.

2.17. Corollary [13, Corollary 2.21]:LetR be a ring. Then the following are equivalent.

1 —-Ris central reduced.
2 —Ris abelian and for any idempotenR , eR and(1 — e)R are central reduced.

2.18. Lemma:LetR be a ring with involutiorx. If R is centrak—reversible, theR is central reduced.
Proof. Let R be centrak—reversible ring. TheaR and(1 — e)R are centrak—reversible by corollary 2.7
and right principally projective rings. By theorem 2.2B8,and(1 — e)R are reduced. By corollary 2.1#,

is central reduced.

Recall that the rin@ is called2-primalif P(R) = N(R).
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2.19. Theorem:If R is a centrak—-reversible ring, then it is 2-primal. The converse hdtisrings with
semiproper involutior.

Proof. Let R be a central—reversible ring. We have(R) € N(R). To prove the converse , lete N(R)
with a™ = 0 for some positive integer. Suppose that ¢ P for a prime ideaP. Sincer is central reduced,
a is central. For any,_q, 72, ....,73, 71 € R, we havear,_;ar,_,a ..arara = r,_1Th_, .., a" =

For all prime ideal¥, we haveaR(ar,_,a..ar,ar,a) € K. Sincea & P,ar,_,a ...aryar;a € K for all
prime idealsK andr,_,,...,7,, 77 € R. HenceaR(ar,_za ...ar,ar;a) € K for all prime idealsk and
Th—3, -, T3, 77 € R. Using a similar reasoning, sinaez P, aR(ar,_,a ...ar,ar;a) € K for all prime ideals
K and for allr,_,,...,1m, 11 € R implies ar,_,a...ar,ar,a € K for all prime idealsKk and for all
Th—a -, T3, 71 € R. By going downward induction, we may readka < K for all prime ideals&. Hence
a € K for all prime ideals, a contradiction. Thus i is nilpotent, them € P(R) and saN(R) € P(R).
Conversely, leR be a 2-primal ring with semiproper involutienThenP(R) = 0 and saV(R) = 0. Hence
R is reduced. Letab=0. Then abb* = bb*a =a*bb*a=0. Then we have[(b*a)r(a*h)]? =
b*ara*bb*ara*b = 0. SinceRr is reduced(b*a)r(a*bh) = 0. We haveb*a = 0 and sab*a is central. Hence
R is centrak—reversible. This completes the proof.

A ring R with involutionx is said to baveakly+—reversible if for all a,b,r € R such thattb = 0, Rb*ra is
a nil left ideal ofR.

2.20. Theorem:Let R be a ring with involutiorx. Consider the following conditions.

(1) R is *—reversible.
(2) R is centrak-reversible.
(3) R is weakly=—reversible.

Then(1) = (2) = (3).
Proof. (1) = (2) Obvious.

(2) = (3) Leta,b € R withab = 0. Then for ally € R,yab = 0. SinceR is centrak—reversiblep*ya is
central. Then we havwerb*yar = 0 for allr,y € R. This implies thatb)(b*ya) = 0. Then(b)(b*ya) S
P(R). Since every central—reversible is 2-primalp € N(R) or b*ya € N(R). If b € N(R), then there
exists a positive integer such thab™ = 0. Then we havérb*ya)" = r(b*)"yaya..r = 0 and saRb*ya
is a nil left ideal ofR. If b*ya € N(R), then there exists a positive intgersuch tha{b*ya)™ = 0. Then we
have (rb*ya)™ = r(b*ya)™...r = 0 and soRb*ya is a nil left ideal ofR. ThereforeR is weakly*—
reversible.

2.21. Lemma:Let R be weakly«-reversible ring. IfR/I is a centrak—reversible ring with a reduced iddal
thenR is centrak—reversible.

Proof. Leta,b € R with ab = 0. SinceR is weaklyx-reversible Rb*ra is nil left ideal ofR. Thenlb*ra <
Rb*ra(ISR). If r=1, thenlb*a € Rb*ra € N(R). So there exists a positive integersuch that
(Ib*a)™ = 0. Sincel is reduced/b*a = 0. Now, letR/I be centrak—reversible ring. Lett,b € R with
ab =0.Since(a+ (b +1)=0,(b"+D(a+1)is central ink/I. It follows thatb*ar — rb*a € I for any
r € R. Thenl(b*ar — rb*a) = 0. Hence we havéb*ar —rb*a)? = 0. Sincel is reducedb*ar = rb*a
and soR is centrak—reversible.

Let R be a ring and! an(R, R)—bimodule. Recall that the trivial extensionrRoby M is defined to be ring
T(R,M) = R® M with the usual addition and the multiplicatién, m,)(r,, m,) = (r,1ry, um, + myry).

This ring is isomorphic to the rirﬁg T] :TER,mME M} with the usual matrix operations and isomorphic
to R[x]/(x?), where(x?) is the ideal generated k. An induced involution on the trivial extension

T(R, R) of R with involution = is given by(g :) = (7;) i) [8].
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2.22. Proposition:If R with involution * is reduced and centratreversible ring, thefi(R, R) is centrak—
reversible.

Proof.Let[g 2][8 ‘:]ET(R,R)With [g Z][(C) ‘Ci]=0. Then

ac=0
ad + bc =0 = ad = —bc

SinceR is centrak-reversiblec*a is central. Hencéad)?® = (—bc)(ad)(—bc) = b(ca)dbc = bdbcac =
0. SinceR is reducedad = —bc = 0 which impliesd*a, c*b are central irR. Therefore[c0 ‘j] [g 2] €
Z(T(R,R)).

Let S denote a multiplicatively closed subset of a mhgonsisting of central regular elements. £E&tR be
the localization ofR atS. Define an involutior onR by (s71r)* = s~r*. Then we have the following
proposition.

2.23. Proposition: A ring R with involution = is centralx—reversible if and only iE~1R is central«—
reversible.

Proof. Let R be a central« —reversible ring anda/r ,b/s € S"'R where,b €R , r,s €S with

(a/r)(b/s) =0. Since(a/r)(b/s) = ab/rs =0 we haveab = 0. By hypothesish*a is central, so
(b*/s)(a/T)(c/t) = b*ac/srt = cb*a/tsr = (c/t)(b*/s)(a/r) for everyc/t € STIR, wherec € R and
t € S. ThereforeS™1R is centrak-reversible. Conversely, assume thatR is a centrak—reversible ring.
SinceR may be embedded §!R, the rest is clear.

2.24. Corollary: Let R bex-ring. ThenR[x] is central«-reversible if and only iR[x,x™1] is centrak—
reversible.

Proof. Consider the subsét= {1,x,x2,x3,..} of R[x] consisting of central regular elements. Then it
follows from Proposition 2.23.

LetR be ax-ring andf (x) = ¥, a;x’, g(x) = X7, bix’ € R[x]. Rege and Chhawchharia [14] introduce
the notion of an Armendariz ring, that is, a rigs calledArmendariz f(x)g(x) = 0 impliesa;b; = 0 for
all i andj. Define an involution: by f*(x) = ¥, a;jx¢, for every polynomiaf (x) € R[x] [7].

2.25. Theorem: Let R with involution * be an Armendariz ring. Then the following statements are
equivalent.

1 —R is centrak—reversible.
2 -R[x] is centrak—reversible.
3 -R[x,x~1] is centrak-reversible.

Proof. (1) = (2) Let f(x) =X, a;x’,g(x) = XJobx/ € R[x] with f(x)g(x) =0 . Since R is
Armendariz,a;b; = 0 for eachi andj. ButR is centrak—reversible sd;a; is central for eachand;. It
follows thatg*(x)f (x) is central inR[x]. ThereforeR[x] is centrak—reversible.

(2) = (1) Let a;, b; € R with a;b; = 0 for eachi andj. Thenf(x)g(x) = 0 wheref(x), g(x) € R[x].
SinceR[x] is central«—reversible,g*(x)f(x) € Z(R[x]) and sob;a; € Z(R). ThereforeR is central+—
reversible.

(2) & (3) It follows from Corollary 2.24.
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A ring R is callednil-Armendariz[15] if whenever two polynomialg(x), g(x) € R[x] satisfyf(x)g(x) €
nil(R)[x] thenab € nil(R) for all a € coef (f(x)) andb € coef (g(x)).

2.26. Proposition:If R with involution* is centrak—reversible, the® is nil-Armendariz.

Proof. If R is centrak—reversible, then it is 2-primal by theorem 2.19 an&d/&®) is an ideal oR. [15,
Proposition 2.1] states that in a ring in which the setlafigdotent elements forms an ideal, then the ring is
nil-Armendariz.

The Dorroh extensioD(R,Z) = {(r,n):r € R,n € Z} of a ringR is a ring with operation§r;,n,) +
(ry,ny) = (r; + 1y, +1y) and (ry, ny)(ry, ny) = (1, + Ny, + nyry, nyn,). ObviouslyR is isomorphic
to the ideal(r,0):r € R} of D(R, Z). If the algebrak adheres to an involution then an induced involution
*p onD is(r,n)™® = (r*,n) for every(r,n) € D [7]. Then we have the following.

2.27. Proposition: A ring R with involution * is centrak—reversible if and only if the Dorroh extension
D(R,Z) of R is centrak—reversible.

Proof. The sufficiency is clear. For necessity, (gt n,), (1, n,) € D(R, Z) with (r,n,)(r,,n,) = 0. Then
mn, = 0. Assume that; = 0. SinceR is central* -reversible,(r; + n,)r; is central inR and so

(r5,n,)(ry,ny) is central inD(R,Z). HenceD(R ,Z) is centrak—reversible. A similar proof may be given
forn, = 0.

3 Conclusion

In this paper the study introduced centaibversible ring (Definition 2.1), which generalized the cohoép
x-reversible ring, published in [7]. Moreover it establislaedumber of properties of this generalization. The
connection between centralreversible and other rings was also investigated (The@d®). Finally it
proved that if R is Armendariz ring then, R is centraéversible if and only if R[X] is centratreversible if
and only if R [x, X] is central«-reversible (Theorem 2.25).
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