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Abstract 
 

In this paper, we have obtained the distribution of the kth concomitant and the joint distribution of thk and 

thm concomitants of upper record statistics for the bivariate pseudo-Rayleigh distribution. Some 
statistical properties for the resulting distributions are also discussed such as; single and product 
moments, percentile, reliability and hazard functions and moments generating functions. 
 

 
Keywords: Concomitants; record statistics; pseudo-Rayleigh distribution. 
 

1 Introduction 
 
The study of record values and associated statistics is popular and important in many real life applications, 
such as: education, weather, economic, sports data and analysis of lifetime data. The idea of record values 
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and many of their basic properties were first emerged by Chandler [1]. Numerous studies on records were 
publishes throughout the 1950s, for example; Foster and Stuart [2] have introduced the first idea of 
nonparametric inference from records. Rensick [3] and Shorrok [4] explained the asymptotic theory of 
records. For properties of record values refer to Ahsanullah [5], Arnold et al. [6] and Balakrishnan and 
Balasubramanian [7].  
 
A number of statisticians have studied inference based on record samples for certain distributions. 
Ahsanullah [8] has obtained some statistical properties of records for the Lomax distribution. Balakrishnan 
et al. [9] have established some recurrence relations for moments of record values for Gumbel distribution. 
For more studies refer to Nevzorov [10], Kamps [11], Raqab [12] and Sultan [13].  
 
The distribution of the kth  upper record, ( )U kX , was defined by Ahsanullah [14] as: 

 

1
:

1
( ) ( ) ( ) ,

( )

k
k n k k k kf x f x R x x

k


     

                                                                       (1.1) 

 
where  ( ) ln 1 ( )R x F x    and ( )F x  is the distribution function of .X  
 
Ahsanullah [14] has further shown that the joint distribution of thk and thm upper records, ( )U kX and ( )U mX  

for k m  is given by: 
 

1
, :

1
( , ) ( ) ( ) ( )

( ) ( 1)

k
k m n k m k m kf x x r x f x R x

k m k


      

 

                                    
1

( ) ( ) ,
m k

m k k mR x R x x x
 

                                                         (1.2) 

 
where ( ) ( )r x R x . 

 
Let ( , ), 1,2,...,i iX Y i n

 
be n  independent random variables from some bivariate distribution. If we arrange 

the X -variates in ascending order as 1: 2: :...n n n nX X X     then the Y -variates paired with these order 

statistics are denoted by [1: ] [2: ] [ : ], ,....n n n nY Y Y and termed the concomitants of order statistics (Yang [15]). A 

few studies concerned with the concomitants of record values. Ahsanullah et al. [16] has studied the 
concomitants of upper record statistics for bivariate pseudo-Weibull distribution. Mohsin et al. [17] has 
investigated some statistical properties of the concomitants of record statistics for bivariate pseudo-
Exponential distribution.    
 
The distribution of thk  concomitant of record values is defined by Ahsanullah [14] as:  
 

:( ) ( ) ( )k k n kf y f y x f x dx



                                                                                                              (1.3) 

 

where : ( )k n kf x is the distribution of thk upper record given in (1.1) and ( )f y x is the conditional 

distribution of Y given .X x  The joint distribution of thk and thm  concomitants of upper record values is 
also given by Ahsanullah [14] as:  
 

, :( , ) ( ) ( ) ( , )
mx

k m k k m m k m n k m k mf y y f y x f y x f x x dx dx


 
                                                               (1.4) 

 
where , : ( , )k m n k mf x x is the joint distribution of thk and thm upper records given in (1.2). 
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In this paper, we will investigate the distributions of the concomitants of upper record statistics for the 
bivariate pseudo-Rayleigh distribution. In Section 2, we gave a brief review for the bivariate pseudo-
Rayleigh distribution introduced by Shahbaz and Shahbaz [18]. In Section 3, we have derived the 
distribution of thk concomitant of upper record statistics for bivariate pseudo-Rayleigh distribution with 
some basic properties. The joint distribution of thk and thm concomitants of upper record statistics for the 
bivariate pseudo-Rayleigh distribution and some characterizations are given in Section 4. Some concluding 
remarks are given in the last Section. 
 

2 Bivariate Pseudo-Rayleigh Distribution 
 
The pseudo distribution is a new category of multivariate distributions introduced by Filus and Filus [19] as 
a joint distribution of linear combinations of independent random variables. Many authors have investigated 
the pseudo distributions; for examples: Filus and Filus [19] have presented the pseudo-Weibull and pseudo-
Gamma distributions. Hanif [20] has studied the pseudo-Gaussian and pseudo-Weibull distributions. 
Shahbaz et al. [21] has introduced the bivariate pseudo-Exponential distribution. In this paper, we consider 
the bivariate pseudo-Raleigh distribution introduced by Shahbaz and Shahbaz [18] as: 

 
2 23 ( )( , ) 4 , , , 0x yf x y x y e x y                                                                                                  (2.1) 

 
The marginal distribution of X is: 
 

2

( ) 2 , , 0xf x xe x                                                                                                                   (2.2) 

 
The distribution function of X is: 
 

2

( ) 1 , , 0xF x e x                                                                                                                       (2.3) 

 
The conditional distribution of Y given X x  is: 
 

2 22( ) 2 , , , 0x yf y x x ye x y                                                                                                        (2.4) 

 

3 Distribution of thk Concomitant of Upper Record Values and Its 
Properties 

 
In this section, we have obtained the distribution of thk concomitant of upper record statistics for the 
bivariate pseudo-Rayleigh distribution given in (2.1) and also derived some corresponding statistical 
properties. 
 
The distribution of thk concomitant of record statistics for (2.1) can be derived by using (1.3). To obtain the 
distribution (1.3) we first find the distribution of thk upper record given in (1.1). The distribution (1.1) is 
given as: 
 

22 1
:

2
( )

( )

k
k x

k n kf x x e
k

  


                                                                                                          (3.1) 

 
Now using (2.4) and (3.1) in (1.3), the distribution of thk concomitant of upper record statistics for the 
bivariate pseudo-Rayleigh distribution is given as below: 
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2 22 1 ( ) 2 ( 1)

0

4
( ) 2 ( ) , , , 0

( )

k
k x y k k

k

y
f y x e dx k y y y k

k


  


       
                                              (3.2) 

 
The distribution function of (3.2) is: 
 

2( ) 1 ( ) , , , 0k kF y y y k                                                                                               (3.3) 

 
Using (3.3), the reliability function of (3.2) is: 
 

2( ) ( ) , , , 0k kR y y y k                                                                                             (3.4) 

 
Moreover, the hazard function can be obtained by using (3.2) and (3.4) to be: 
 

2

2
( ) , , , 0

k y
h y y k

y



 


                                                                                         (3.5) 

 
The thr moments of the distribution (3.2) is derived as: 
 

1 2 ( 1)

0
( ) 2 ( )r k r k

r E y k y y dy  


       

or 
2 ( 2) ( 2 1)

,
( ) 2

r

r

k r r r
k
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


   
  


                                                                                             (3.6) 

 
Consequently, the mean and variance of (3.2) are given as: 
 

( 1 2)
( )

2 ( )

k
E Y

k

   



     and         

2 2 2

2

4 ( ) ( 1) ( 1 2)
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k k k
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k k

      
 

 
                         (3.7) 

 
The coefficients of skewness and kurtosis of (3.2) are: 
 

3 2

1

3 ( 1) ( 3 2)

4 ( )

k k

k



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


     and     

2

2( 1)

2

k

k






                                                                           (3.8) 

 
The thp percentile of (3.2) can be obtained from (3.3) as: 

 
1 2

1

1

1 (1 )

(1 )

k

p k

p

p




   
  

 
 

                                                                                                                  (3.9) 

 
The median of (3.2) can be calculated by using 0.5p  in (3.9). 

 
The mode of (3.2) can be derived to be: 
 

1 2

2 1k




 
   

                                                                                                                                 (3.10) 
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The moment generating function of (3.2) can be obtained as: 
 

2 ( 1)

0
( ) ( ) 2 ( )ty k ty k

yM t E e k e y y dy 


     

or 
2

0

( 2) ( 2 1)
( )

( 1) ( )

j j

y

j

t k j j
M t

j k






   


                                                                                             (3.11) 

 

4 Distribution of thk and thm Concomitant of Upper Record Values  
 
In this section, we have derived the joint distribution of thk and thm  concomitants of upper record statistics 
for the bivariate pseudo-Rayleigh distribution given in (2.1). Furthermore, expressions of product moments 
and joint moment generating function for the resulting distribution are also obtained. 
 
The joint distribution of thk and thm  concomitants of upper record statistics can be obtained by using (1.4). 
To derive the distribution (1.4) we first deduct the joint distribution of two upper record statistics 

1 ( )U kX X
 

and 2 ( )U mX X  given in (1.2). The distribution (1.2) is given as:  

 

2
2

1
2 1 2 2

, : 1 2 2 1

4
( , )

( ) ( 1)

m m k
xk

k m n k mf x x x x x x e
k m k

  
   

    
                                                           (4.1) 

 
By using (2.4) and (4.1) in (1.4), the joint distribution of thk and thm  concomitants of record values for 
bivariate pseudo-Rayleigh distribution is given as follows: 
 

2 2 2 22
1 1 2 2

1
( )2 1 3 2 2

1 2 1 2 1 2 2 1 1 2
0 0

16
( , ) e e

( ) ( 1)

m x m k
x y x ykf y y y y x x x x dx dx

k m k
   

     
        

                          

2 2 2 22
2 2 1 1

1
( )3 2 1 2 21 2

2 2 1 2 1 1
0 0

16
e e
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m x m k
x y x yky y

x dx x x x dx
k m k

   
                   

 
 
or 
 

2 2
2 2( )3

1 2 2 2 2
0

16
( , ) e ( )

( ) ( 1)

m
x yf y y x A x dx

k m k
 

 
                                                                    (4.2) 

 
where 

  

2 22
1 1

1
2 1 2 2

2 1 2 1 1
0

( ) e
x m k

x ykA x x x x dx
 

   
                                                                                      (4.3) 

 
Integrating (4.3), we have 
 

  

1 2( )2
1 2

2

0 0

1
( ) ( 1)

2( 1) ( 1)

m k m ss
h s

s h

m k y x
A x

h k h s s

   


 

  
  

     
                                                           (4.4) 

 
By using (4.4) in (4.2) and after simplifications we obtain 
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1

1 2

0 0

14
( , ) ( 1)

( ) ( 1)

m km
h s

s h
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f y y

hk m k


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

 

  
  
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   

                            2 1 2 ( 2)
1 2 2

( 2)
( )

( 1) ( 1)
s m sm s

y y y
k h s s

     
 

    
                                                                 (4.5) 

 

where 1 kY Y and 2 mY Y  
 
The product moments for (4.5) are derived as: 
 

 , 2 2 1 2 1 21 1
0 0

( , )q qr r
q r E y y y y f y y dy dy

 
                                                                                  (4.6) 

 

Putting the values of 1 2( , )f y y  from (4.5) in (4.6), we have 

 
1

,
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 

     
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                      2 1 1 2 ( 2)
2 2 1 21

0 0
( )q s r m sy y y dy dy

 
       

 
 
After some algebra, we obtain: 
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2 1 ( 2 1) ( 2 1)

( 1)( 2 2) ( 1)

r s m s r r

k h s q s s

        

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                                                                                   (4.7) 

 
The joint moment generating functions of (4.5) is given by: 
 

 1 1 2 2 1 1 2 2

1 2, 1 2 1 2 1 2
0 0

( , ) ( , )t y t y t y t y
y yM t t E e e f y y dy dy
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                                                             (4.8) 

 
Using (4.5) in (4.8), we get 
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After simplifications, we obtain 
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5 Conclusion 
 
We introduced and studied the distribution of the kth concomitant and the joint distribution of thk and thm

concomitants of upper record statistics for the bivariate pseudo-Rayleigh distribution. Some mathematical  
properties for these distributions are derived such as; single and product moments, percentile, reliability and 
hazard functions and moments generating functions. 
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