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Abstract

In this paper, we have obtained the distribution of the kz# concomitant and the joint distribution of kth and
mth concomitants of upper record statistics for the bivariate pseudo-Rayleigh distribution. Some
statistical properties for the resulting distributions are also discussed such as; single and product
moments, percentile, reliability and hazard functions and moments generating functions.
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1 Introduction

The study of record values and associated statistics is popular and important in many real life applications,
such as: education, weather, economic, sports data and analysis of lifetime data. The idea of record values
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and many of their basic properties were first emerged by Chandler [1]. Numerous studies on records were
publishes throughout the 1950s, for example; Foster and Stuart [2] have introduced the first idea of
nonparametric inference from records. Rensick [3] and Shorrok [4] explained the asymptotic theory of
records. For properties of record values refer to Ahsanullah [5], Arnold et al. [6] and Balakrishnan and
Balasubramanian [7].

A number of statisticians have studied inference based on record samples for certain distributions.
Ahsanullah [8] has obtained some statistical properties of records for the Lomax distribution. Balakrishnan
et al. [9] have established some recurrence relations for moments of record values for Gumbel distribution.
For more studies refer to Nevzorov [10], Kamps [11], Ragab [12] and Sultan [13].

The distribution of the kt» upper record, X Uk » Was defined by Ahsanullah [14] as

yen %f( )[R —o0< x; <00 (1.1)

where R(x)=-In[1-F(x)] and F(x) is the distribution function of X.

Ahsanullah [14] has further shown that the joint distribution of kth and mth upper records, X, and X,

for k <m is given by:

1 -1
. > m IV N m R
fk,mﬂ (xk X, ) F(k)F(m—k—l) r(xk)f(x )[ (xk )T
[ R(x,) - R(x) ] 0 < X, <X, <00 (12)
where r(x) =R'(x).
Let (X;,Y;),i =1,2,....,n be n independent random variables from some bivariate distribution. If we arrange

the X -variates in ascending order as X, <X, <..<X, then the Y -variates paired with these order
statistics are denoted by ¥y, Y5, Y},,,yand termed the concomitants of order statistics (Yang [15]). A

few studies concerned with the concomitants of record values. Ahsanullah et al. [16] has studied the
concomitants of upper record statistics for bivariate pseudo-Weibull distribution. Mohsin et al. [17] has
investigated some statistical properties of the concomitants of record statistics for bivariate pseudo-
Exponential distribution.

The distribution of kth concomitant of record values is defined by Ahsanullah [14] as
S0 =] 1010 fin () dx (1.3)

where f.,(x;) is the distribution of kth upper record given in (1.1) and f(y|x) is the conditional

distribution of ¥ given X =x. The joint distribution of kth and mth concomitants of upper record values is
also given by Ahsanullah [14] as:

f(yk’ym) :J‘ZJ:X: f(yk‘xk)f(ym‘xm)f}c,m:n(xk’xm)dxk dxm (14)

where f; ,..,(x;,x,,) is the joint distribution of kth and mth upper records given in (1.2).
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In this paper, we will investigate the distributions of the concomitants of upper record statistics for the
bivariate pseudo-Rayleigh distribution. In Section 2, we gave a brief review for the bivariate pseudo-
Rayleigh distribution introduced by Shahbaz and Shahbaz [18]. In Section 3, we have derived the
distribution of kth concomitant of upper record statistics for bivariate pseudo-Rayleigh distribution with
some basic properties. The joint distribution of kth and mth concomitants of upper record statistics for the
bivariate pseudo-Rayleigh distribution and some characterizations are given in Section 4. Some concluding
remarks are given in the last Section.

2 Bivariate Pseudo-Rayleigh Distribution

The pseudo distribution is a new category of multivariate distributions introduced by Filus and Filus [19] as
a joint distribution of linear combinations of independent random variables. Many authors have investigated
the pseudo distributions; for examples: Filus and Filus [19] have presented the pseudo-Weibull and pseudo-
Gamma distributions. Hanif [20] has studied the pseudo-Gaussian and pseudo-Weibull distributions.
Shahbaz et al. [21] has introduced the bivariate pseudo-Exponential distribution. In this paper, we consider
the bivariate pseudo-Raleigh distribution introduced by Shahbaz and Shahbaz [18] as:

fOuy)=4ax’ye™ @) xpa>0 @.1)

The marginal distribution of X is:

f()=2axe™ | x,a>0 2.2)
The distribution function of X is:

F(x)=1-¢, x,a>0 2.3)
The conditional distribution of Y given X = x is:

o]0 =22y, xy,a>0 2.4)

3 Distribution of ith Concomitant of Upper Record Values and Its
Properties

In this section, we have obtained the distribution of kth concomitant of upper record statistics for the
bivariate pseudo-Rayleigh distribution given in (2.1) and also derived some corresponding statistical
properties.

The distribution of ith concomitant of record statistics for (2.1) can be derived by using (1.3). To obtain the
distribution (1.3) we first find the distribution of kth upper record given in (1.1). The distribution (1.1) is
given as:

: 205 il _ae?
fk;n(xk)=%xz“e : G.1)

Now using (2.4) and (3.1) in (1.3), the distribution of kth concomitant of upper record statistics for the
bivariate pseudo-Rayleigh distribution is given as below:
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4oy
I'(k) Jo

(2 @) g Ut y(@+ )y E D,y k>0

S =

The distribution function of (3.2) is:
F(y)=1-a*(a+y")", yoa, k>0
Using (3.3), the reliability function of (3.2) is:
R(y)=a*(a+y)™", y.ak >0
Moreover, the hazard function can be obtained by using (3.2) and (3.4) to be:

2k
h(y) =—=25, Vo k>0
a+y

The rth moments of the distribution (3.2) is derived as:

w =BG =2kat [Ty @ ) ¢y

or

/2 _
,u;=a 'k r/2)F(r/2+l)’ st
L'(k) 2

Consequently, the mean and variance of (3.2) are given as:

E(Y)= M and var(Y) = a[

4T (k) — (k-1 7* T (k - 1/2)}

2T(k) 4(k-1)T* (k)

The coefficients of skewness and kurtosis of (3.2) are:

3z(k-1)’T(k-3/2) and ¢ (k-1
- 2

i AT (k) k-2

The pth percentile of (3.2) can be obtained from (3.3) as:

a[l—(l—p)l/"} 12
p = (- p)l/k

The median of (3.2) can be calculated by using p=0.5in (3.9).

The mode of (3.2) can be derived to be:

o 1/2
w =
2k +1

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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The moment generating function of (3.2) can be obtained as:

M, (t)= E(e") = 2k“k.[o My (@+ 2y E gy

or

B ® aj/ztjr(k_j/Z)r(j/2+1) 311
My(f)‘; C(+1)T(k) o

4 Distribution of ith and mth Concomitant of Upper Record Values

In this section, we have derived the joint distribution of 4th and mth concomitants of upper record statistics
for the bivariate pseudo-Rayleigh distribution given in (2.1). Furthermore, expressions of product moments
and joint moment generating function for the resulting distribution are also obtained.

The joint distribution of kth and mth concomitants of upper record statistics can be obtained by using (1.4).

To derive the distribution (1.4) we first deduct the joint distribution of two upper record statistics x, = X, ®
and X, = Xum) given in (1.2). The distribution (1.2) is given as:
_ 4a” 2k-1 P T o 4.1
fk,m:n(xk’xm)_r(k)r(m_k_l)xl x2|:x2 X j| e ( . )

By using (2.4) and (4.1) in (1.4), the joint distribution of kth and mth concomitants of record values for
bivariate pseudo-Rayleigh distribution is given as follows:

160" J'wJ"“Z 2kl 32 2R L dany?
s = - X, x| x5 —x e M e xz(“‘*'yz)dx dx
FOy2) TUOTm—k—1)Jo do N V2% 2[ 2 1} 14X

___16a"yy, [Medentan | [" k[ -] e ay
T(k)C(m—k—1) | Jo 0

or

160" 3 edand)
f(yl,yz):mjo x;e 72 A(x,y) dx, 4.2)

where

X, —k—1
A(xy) = .[0 ’ Xt [xzz —x} Jm e dx, 4.3)

Integrating (4.3), we have

o m—k-1 2s  2(m+s)
m—k—1 W2 x
Alx,) = -1 h+s 1 2 44
) ; ,,Z(;[ h j( Xkt hrs DTG “4)

By using (4.4) in (4.2) and after simplifications we obtain
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FGyy) = F(k)r(m — 1)2

IF(m+s+2)
(k+h+s+1)F(s+l)

m—k-1

s=0 h

where Y] =Y, and ¥, =7,

m—k-1 h+s
=D

2v+l yz(a y3 ) (m+s+2) (45)

The product moments for (4.5) are derived as:

My :E(y1 Vs J- J- Vs s p2)dyy dy, (4.6)

Putting the values of f (v,,y,) from (4.5) in (4.6), we have

© mklm
# q’r_l“(k)l“(m k- 1)Z Z[

s=0  h=0

k- l( s I'(m+s+2)
(k+h+s+DI(s+1)

J' J' yq+2s+l r+l a+y2)—(m+s+2) dy, dy,

After some algebra, we obtain:

m—k—1

_F(k)F(m k- 1)Z z( :

s=0 h=0

’
Hg,r

a7 T (m+ s —r/2=1)T(

Y 25 1q+22s+1 m—k-1)(q+2s+1
h )4

(=0
r/2+1)

% 4.7)
k+h+s+1)(l—q-25s-2)(s+1)

The joint moment generating functions of (4.5) is given by:

My, (1) = E(€07% )= [ [ 72 010 by (48)
Using (4.5) in (4.8), we get

o m—k—1
m—k—1 T(m+s+2)
]‘4})1,})2 (tl’tZ) z z [ j( )h+5
F(k)F( —k-1) = ~ k+h+s+DI(s+1)
« J' J‘ S y12s+1 yy(a+ yg )—(m+s+2) dy, dy,
0 Jo
After simplifications, we obtain
o o oo m—k-12s+w+l
m—k—1\(2s+w +1
AR o= 20 3 T M (e L
Vi>yy \19°2
o F(k)F( —k-1) s=0 w=0w,=0 h=0  d=0 d
W
1y g2 e 2+1)D(wy /2+1
><( ) a? 2 D(m+s—w,/ )T,/ ) (4.9)

(k+h+s+1)(d-25s—w

—2)[(s+ )T (w; + )T (w, +1)
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5 Conclusion

We introduced and studied the distribution of the kz: concomitant and the joint distribution of kth and mth
concomitants of upper record statistics for the bivariate pseudo-Rayleigh distribution. Some mathematical
properties for these distributions are derived such as; single and product moments, percentile, reliability and
hazard functions and moments generating functions.
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