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1. Introduction

n recent years, some extensions of special functions have been considered by many authors [1-8]. In 1994,
Chaudhry and Zubair [3] have introduced the following extension of Gamma function

x) = /Ooo tlexp(—t—pt 1)dt;  (Re(p) >0). @

In 1997, Chaudhry et al., [1] presented the following extension of Euler’s Beta function

1 _
Bp(x,y) = /0 N1 — )Y texp [t(l ft)} dt, (Re(p) > 0; Re(x) >0; Re(y) >0). 2
It is clearly seem that I'g(x) = I'(x) and Bo(x,y) = B(x,y), where I'(x) and B(x,y) are the classical Gamma

and Beta functions (see [9]).
Afterwards, Chaudhry et al., [2] used B,(x,y) to defined the Gauss hypergeometric and confluent

hypergeometric functions as

oo pr—i-nc b) z"

- > . .
(a,b;c;z) ,127 Blhc—b) nl’ (Re(p) > 0; |z| <1; Re(c) > Re(b) >0),
ad (b —b
o (b;6;2) Z—; C”_Cb) L‘Z,, (Re(p) > 0; Re(c) > Re(b) >0),
respectively, where (a), denotes the Pchhammer symbol [9] defined as (a), = Lla+n) and (a)g = 1. Also,
p Yy y I'(a)

Fy(a,b;c;z) and @ (b; c; z) are defined as [2]

Fy(a,b;c;z) = b p—" / 11— 1) (1 —zt) Texp [t(l——pt)} dt, 3)

(Re(p) > 0; |arg(l—z)| < m; Re(c) > Re(b) >0),

R B(hg_b) /01 P11 ge-b- 1erexp[ (1_3)} dt,  (Re(p) > 0; Re(c)> Re(b) > 0).
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Note that

Fo(a,b;c;z) = oF1(a,b;c;z),
D (b;c;z) = D(b;c;z) = 1Fi(b;c; 2).

In 2011, Ozergin [10] (see also Ozergin et al. [6]) introduced a further extension of the Gamma and Beta
functions as

TP (x) = /O FL R (a,ﬁ t—g) dt,  (Re(p) >0; Re(a) >0; Re(B)>0; Re(x) >0), (4

and

1 —
B,E, #)(x,1) :/0 Fl(1— LR (“;ﬁ"t(lft)> dt, ©)

(Re(p) > 0; Re(ax) >0; Re(B) > 0; Re(x)>0; Re(y)>0),

respectively. Clearly, we have Fg,“’“)(x) =Tp(x), Fé“’“)(x) =T (x), B(“ “)(x y) = By(x,y) and B( m(x y) =
B(x,y).In[6], B (“ P (x,y) is used to defined Frg“’ﬁ)(a, b;c;z) and CD;'X”%) (b;c;z) as

) (a,B)
(D(,‘B) L o BP (b‘|‘1’l,C*b)i
B abiz) = ) (@) B(b,c —b) n!’
(Re(p) > 0; |z] <1; Re(c) > Re(b) > 0; Re(a) >0; Re(p) >0),

and

i B,E,“’ﬁ)(b+n,c—b) Z"

(@B) (1. oo —
O] b;c;z) = —
P ) n;) B(b,c —b) n!

(Re(p) > 0; Re(c) > Re(b) > 0; Re(x) >0; Re(B)>0),

respectively. We observe that

Flgﬁ'ﬁ)(a, b;c;z) = Fy(a,b;c;z),
Féa,ﬁ) (a,b;c;z) = oF (a,b;c;z),

and

o) (b;¢;2) = @p(bc;2),
(()aﬁ)( b;c;z) = ®(b;c;z) = 1F(b;c; z).

Very recently, Shadab et al., [11] introduced another form of the extended Beta function as

B! (x,v) / #=1(1 — 1) E, (t(l_ft)> dt, (a €RJ; Re(x)>0; Re(y) >0; Re(p)>0), (6

where E,(z) is the classical Mittag-Leffler function given in [12].
The above extended Beta function (6) is used to defined Fy 4 (a, b; c; z) and @, 4 (b; c; z) as [11]

> B’”b—i—nc—b)z

Fyu(a,b;c;z) Z Blbc—b) ni’ (x € RY; peRY; |z| <1; Re(c) > Re(b) >0),

and

(x € RT; p€RJ; Re(c) > Re(b) >0).
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Also, very recently, Al-Gonah and Mohammed [13], extended the Gamma and Beta functions as [13]

TR (x) = /0 - 157/5( th> dt, (Re(p) >0; Re(x) >0; Re(B) >0; Re(y) > 0,Re(x) >0), (7)

B;""ﬁ”)(x,y)z/ol P11 — )Y 1E75< (_”t)) dt, (Re(p) >0; Re(a) >0; Re(B)>0; Re(y) >0), (8)

where EZ, 8 (z) denotes the generalized Mittag-Leffler function defined as [14]

= g F(ogz)jﬁ)jzn!' (z,a,B,7 € C; Re(a) >0; Re(B) >0; Re(y) >0).

It clear that

From (7) and (8), we note that
Iﬂ(l’ﬁ'ﬂ(x) _ 1 F(V”g)(x),

Bél’ﬁ”)(x,y) =Tt

IO (x) = Ty (x),

B (x,y) = By(x,y),

where F( e )( x), B;(,Wg )(x,y), I'y(x) and By(x,y) denote the various forms of generalized Gamma and Beta
funct1ons given in (4), (5), (1) and (2) respectively. Also, we not that

11
By (xy) = Bl(xy),
where B (x,) denotes the new extended Beta function given in (6).

2. A new forms of hypergeometric functions

In this section, we use the new extended Beta function (8) to introduce a new forms of extended Gauss
hypergeometric and confluent hypergeometric functions as follows:

(,B,7)
0 B b ,c—Db)z"
(“"6’7) (a,b;¢c;2) =) (a B(E? C—i—_nbj )%,, 9)

n=0

(Re(p) > 0; |z| <1; Re(c) > Re(b) >0; Re(a) > 0; Re(B) >0; Re(y) >0),

and

IS (“r.B/'Y> n
@By .y _ w2 By (b+mec—b)z"
@, " (b;c;z) = r;) Blb,c—1b) L (10)

(Re(p) > 0; Re(c) > Re(b) >0; Re(x) >0; Re(B)>0; Re(y)>0),
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respectively. Also, we observe that

LB () pomey — L (0B .
Fp (a/ b, C,Z) — I"(IB) p (11, b/C,Z)/ (11)
B (a,b6;2) = Fpala bic2), "
Fzgl'l'l)(ﬂ, bic;z) = Fy(a,b;c;z), -
Féa,l,v)(a/ b;c;z) = oF (a,b;c;z), (14)

and

LB (p oy — L (1B (g
@ b;c;z) = —— @ b;c;z), 15

(1) (s ; 2) T O (bic;z) (15)
o (b 6:2) = @palbic;2), .
S0 c52) = @y brc), "
q)(()“/l”)(b; c;z) =1F(b;c;2) = ®(b;c;2). (18)

Some properties of the above functions are given in the form of the following theorems:

Theorem 1. For Fé""ﬁ”) (a,b;c;z) and @;“”5’7) (b; ¢; 2), the following functional relations hold;

c P,S"‘ﬁ”)(a, b;c;z) =b F;“'ﬁ”) (a,b+1Lc+1z) + (c— b)Fr(,“’ﬁ”)(a, b;c+1;2), (19)
c @;,“’5’7) (b;c;z) = b @;,“’5’7) (b+1Lc+1z)+ (c— b)@;,“’ﬁ”)(b;c +1;z). (20)

Proof. Using the following known relation [13]

BYPD (x,y) = BSPT (x 4+ 1,y) + BYPY (x,y + 1), 1)
in (9), we get
% By P b+ n+1,c-b) + By P (b +nc—b+1) | 2

Frg“’ﬁ”)(a,b;c;z) = ) (a)u

n=0 B(brc_b) H’

B i(ﬂ) Bf,“'ﬁ’“’)(b+n+1,cb)zn+i(a) By P (b+mc—b+1)zn

= B(b,c—b) nt = B(b,c — b) nt’
B(b+1,c— B;“’5'7)(b+n+1,c_b)zn

_ b) &
=~ T B(bc—b) n;)(”)" Blb+1,c—b)  n!

Blbe—b+1) & . BYP ) (bgmc—b41)

B(b,c — b) nzo(”)” B(b,c—b+1) n!’
which on using the relation [9] B(x,y) = %, and (9) yields the desired result.

Similarly, using (21) in (10) and following the same procedure leading to result (19), we get the desired
result (20) and thus the proof of Theorem 1 is completed. O

Using [13]

(1+ay—B) BYP (x,y) = ay BYPT D (x,y) — BIMA ) (x,y),
pBy P (x =1,y —1) = BT () - BT (),

together in (9) and (10) respectively and proceeding on the same lines of proof of Theorem 1, we get the
following functional relations:
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Theorem 2. For FFS""*‘W (a,b;c;z) and @gf"ﬁ”) (b; c; z), the following functional relations hold;

(1+ay —B) B PP (a,b;¢:2) = ay BP0 (0, b62) — BP0, b56:2),
14+ay—p)P “57)(b c;z) = zx’yq)('xﬁwrl)(b;c;z) - @,(g“’ﬁfl"y)(b;c;z),

(0, B,y € C; Re(w) >0; Re(y) >0, Re(B) >1),

pc(c+1) F,S“'ﬁ”) (a,b;c;z) =b(c—D) {Frg“’ﬁ_“’v_l)(a,b—f— Lc+2z)— F,S“’ﬁ_“”)(a,b +1;c +2;z)} ,

pe(c+1)@5 P (b;62) = b (c—b) {cp},""ﬁ—“‘”(b +le422) — WP b1 2;2)},

(Re(p) > 0; Re(c) > Re(b) > 0; Re(B) > Re(w) > 0; Re(y) >1).

Using [13]
B,g,“’ﬁ”) (x,y) = :;) Br(,“’ﬁ”) (x+ny+1),
BEAY (x,1 - y) = i":o (i)'n P (x 4 n,1),
= n!
B;(f‘”g’w (x,y) = io ( Ilfl > B,(,“’ﬁ"”(x +ny+k—n), (keN),

together in (9) and (10) respectively and proceeding on the same lines of proof of Theorem 1, we get the

following summation relations:

Theorem 3. For F}S“’ﬁ ) (a,b;c;z) and CDE,“’ﬁ ) (b; c; z), the following summation relations hold;

)i F“ﬁn’)(a b+kc+k+1;z),

F;“"B’A’)(a b;c;z)
k+1

)i koW (b4 e+ k+1;2),
k+1

5w
5w

@;“’/3’7) (b;¢; 2)

F;S‘X'M)(a, b;c;z) = ,i — Iccl—;(llzkf(—b;)r 2 F(a P (a,b+ kb +k+1;2),
)P (b;¢;2) = ,i) = o glzkf(_bl;)r CD @b (b1 kb+ k4 1;2),
Frga,ﬁﬁ)(a, bc;z) = ni) ( z ) B(b +g,(;:ﬁ;)n +k) Frga,ﬁﬁ)(a, b+n;c+kz),
Cpgx,ﬁﬁ) (b;c;2) = nio ( : ) B(b —I—g,(;;ﬁ;)n +k) cp](g&ﬁﬁ)(b +nc+kz2).
Using the relations [9] B(b,c — b) = %B(b +kc—0b), (a)yox = (a)n(a+n)g and %Z" = (nﬁ!k)!zn—k

we get the following result

Theorem 4. For FFS"‘"‘”) (a,b;c;z) and @;a’ﬁ’w) (b; c; z), the following differentiation formulas hold

k
% {Fé“”g”) (a,b;c; z)} = 7(”)k(b)"F,§“"3”) (a+kb+kc+kz),
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dk

s cp(”‘rlg/'Y)

(B)k o (@B7)
p oy

{ (c)k

(b;c;z)} =

3. Integral representations

(b+k;c+k;z).

In this section, some integral representations for Fy’ﬂ ) (a,b;c;z) and <I>( B7) (b; c; z) are given in the form

of the following theorems:

Theorem 5. For F,S""ﬁ ) (a,b;c;z), the following integral representations hold;

a 1 L b
B 62 = g gy [y A0 A ( )) 2
a 1 ® _
F;§ ’ﬁ”)(a,b,-c;z) :m/o W1+ u) "1+ u(1 —2)] ”Ery ( < )> (23)
Fé“'ﬁ'”) (a,b;c;z) = B(b,f—b) /07 sin2t=1 4y cog2e 21y, (1 — zsin? u) EZ,[% ( pseczucsc u) du, (24)
(a,8,7) oy (m=pytrae /m on\b=1(,  Ne—b—1f,. 7 n\—apY —p(m—1)*
Fy (a,b;c;z) = Bbc—b) (u—0""(m—u) [m—1—z(u—1)]""E; S\ =D —u) du,
(25)
1+a—c w 2
(a,8,7) ey W / b-1/,. . \e—b—1 ary —pw
F, (a’b’c'z)_B(b,c—b) ; u’ = (w—u) (w—zu)~ E“‘(u(l—u)) du, (26)
2l+a—c 1 B e —4
FP) (0, b; ¢;2) = O] /_1(1+u)h N1 =) 2 — 21+ u)] E] (1_52) du, 27)
@A) (g o eig) — — L /1 Wl +u(l-2) " +u T (A4u—2)" o ([ 1
B abez) = 55 ), Auye Eop (P (2Huty) ) du
(28)
Zz p\—a
@), .. 2t /00 exp (u[2b —c]) (coshu — 3e') ™" B )
BV b6 = 50— ) o R EY s (~4pcosh?u) du. (29)
Proof. Using
1 _
B;“’ﬁ”)(x,y) :/0 w1 — )yt EW/5 (u(l —pu)) du, (30)
) x—1
(a,6,7) _ u 1
By (x,y) —/0 Tt Elp (—p (2+u+u>> du, (31)
B,(f’ﬁ"”(x,y) = 2/7 cos™ L ysin? 1y EZﬁ(_P sec® ucsc® u) du, (32)
0 ,
2
(.B,7) _ _ 17x7y/b _\yx—1 y—1 gy —p(m —1)
BP (x/y) (m l) ; (u l) ( ) Eaﬁ (u—l)(m—u) dur (33)
(B7) I - /w x—1 1p7 pw
B ) = y —u) e () du, 34
P (xy) w Ou (ZU M) ﬁ<( M)) u ( )
1
B,E,""ﬁ'”(x,y)zzlfxfb’/ (14 u)y (1 =)y~ 1Ezﬁ( =" > du, (35)
-1
(@) B 1 Z/lel—i-uy 1 1
B 7(x,y)_/o e B (r (24w ) ) e (36)
oo (x=y)
(a.8,7) _ lfxfy/ et T o(_ 2
B, (x,y) =2 o [cosh i)™ sz,ﬁ( 4p cosh u) du, (37)

in (9) respectively, we get the desired results (22)-(29). O

Patting u = tanh? t in assertion (22) of Theorem 5, we get the following result:
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(2,8,7) (

Corollary 1. For F, a,b;c; z), the following integral representation holds;

plabr) ( 2 /°° (sinh £)20=1(cosh t)2*—2c+1
r
0

e ¥
a,b;c;z) = B(b,c ) E,

—pcosh? tcoth® t) dt.
(cosh? t — zsinh? t)a P ( P )

Theorem 6. For @;’x’ﬁ ) (b;c;2), the following integral representations hold;

(@B (1. o 1 /1 b=1(1 _ \c—b—1,2uEY 4
D, (b’c’z)_B(b,c—b) v (1—u) Eip ai—1) du,

[ b—1
S / u 2 Ny 1
d, (b;c;z) = Bhc—b) Jo A+u) eXP<1+u>Ea,ﬁ( p<2+u+u du,

(@BY) (1. 20y — 2 /% ;- 2b—1 2c72b71 zsm up?yY 2
@, (b;c;z) = Blb,c—b) Jo sin U Cos E, iy ( p sec” u csc u) du
l—m 1—c 2
(@B) (1. 0oy — € (m — l) /m _1\b-1 c—b-1 z(u D) ey _p(m — l)
®, (b;c;z) = Bbc—b) J; (u—1)°"""(m—u) E.p =D =) du,

1—c w 2
@BY) (p. oy W / b=1(, _  ye—b-1,% py [ —PWT
@, (b;c;2) Bbc—b) Jo wHw—u) ew Eyg (u( )> du,
2l7ce2 1 b1 c—b—1 z(utl) pr (4P
5D /_1(u+1) (1— )t 1 Y <1u2> du,

b— c—b—1
(‘X/ﬂﬁ) . — 1 /1 u exp( T+u ) +u exp( 1+ ) v . 1
®p T 0G2) = By o A+ uy Eop (7P (2Huty))du

pl—c 2 o exp [(%) +u(2b— c)}
B(b,c —b) /

CD;“"S’V)(I?; cz)=

cp;""ﬁ’w(b; cz) = EZ,& (—4;9 cosh? u) du.

cosh u
Proof. Using (30)-(37) in (10), respectively, we get the desired results (38)-(45). O

Patting u = tanh? f in assertion (38) of Theorem 6, we get the following result:

Corollary 2. For Phi;(f"ﬁ ) (b; c; z), the following integral representation holds;

27

@BY) (1. o) — /°° 2b-1 1-2c,. 12 =y [ 2 2
o, (b;c;2) Bb,c—1) Jo (sinhu)“"~"(cosh u) tanh” uE ( p cosh” u coth u) du.

B

Theorem 7. For F,S“'W (a,b;c;z) and <I>§,“’ﬁ’7) (b; ¢; z), we have

Frﬂ""ﬁ”’)(g b;c;z) 5 =) / Fpu “7 (a,b;¢;2) (17&)/57%1 du,
" (a,6,7) 1 ' o) 1) et
@, (b;c;z) = m/o @, (b 2) (1—uw) du.
Proof. Since
Bé“’ﬁ’v)(xy / B“'” 1—uw>lS . ldu,
1 B(”W(b+n,c—b) (1—ua)ﬁ ! du ,n

F,E“'“ a,b;c;z) Z —.

n=0 aT(B—a)B(b,c—b) !

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)
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Rearranging the integration and summation, we get

o (’“"Y)
@pn) ooy L ot (bt+mec—b)zt| 0 1\p-a-l
Fy (a,b;c;2) = AT /0 Z%) a)n B(bc—b) p (1 u ) du,

—~

n=

which on using (9), gives the desired result (46).
Similarly, using (48) in (10) and following the same procedure leading to result (46), we obtain (47) and
thus the proof of Theorem 7 is completed. [

Putting u = Ut in assertions (46) and (47) of Theorem 7, we get the following results:

Corollary 3. For P;S""ﬁ'”) (a,b;c;z) and CD;(;X’[;’W) (b; ¢; z), we have

@B () poons) — / PEORY) (4 o)t (] — e

Fy (a,b;c;z) TG—a) b pra (a,b;cz)u" (1 —u) du,
and

d>§7“’ﬁ’7)(b c;z) 5= a) / CID M7 (b;c;z) u*1(1 - y)ﬁ*”‘*l du.

Now, using the relations [13]

(a,B,7) _ 1 /1 (@,B—a,7) a=1¢q _ \B—a—1
BP (X,y) - r(lx> Jo Bp(l—u)"‘ (x/y)” (1 T/l) du;

(a, B,y € C; Re(B) > Re(a) >0, Re(y) >0),

@p) oy~ 1 /1 (1) -1 -

B YY) = —F—— B , 1-— du,
0 ) = g [ B G )
(a,B,7,1€C; Re(l) > Re(y) >0, Re(a) >0, Re(B) >0),
B ) = oL [ B )8

(a,B,7,1 €C; Re(a) >0, Re(B) >0, Re(y) >0,Re(l) >0)

and following the same procedure leading to the results in the above theorem, we get the following results:

Theorem 8. For F;S“’ﬁ”) (a,b;c;z) and CID;“’ﬁ’V) (b; ¢; z), we have

@) g oy L /1 (@B g N =11 _ o \p—a—1
F, (a,b,c,z)—r(a) A Fp(l—u)"‘ (a,b;c;z) u* =" (1 —u) du,

(@B) (. oy 1 /1 (&B=a7) (. .y ya—1(q _ \B—a—1
o, (b'c'z>_F(uc) A Cbp(liu)a (b;c;z) u* (1 —u) du,

(Re(B) > Re(a) > 0; Re(y) > 0; Re(c) > Re(b) > 0).
Flehm) a,b;c;z) = P Zﬁl (a,b;c;z)u" (1 —u =r=1gy,
P r)//Z - p
%) b;c;z) = thZﬁl b;c;z)u" 11 —u) =7 du,
P ,)//l - P

(Re(l) > Re(y) > 0; Re(a) >0; Re(B) >0; Re(c) > Re(b) > 0).
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P,S"‘"‘*"W (a,b;c;2) / szf ) (a,b;¢;2) uP~1 (1 — u)' =1 du,
CD;“’ﬁH”) b;c;z) / CD;;57 b;c;z) uP~1 (1 —u) 1 du,
(Re(a) > 0; Re(B) > 0; Re(y) >0; Re(l) >0; Re(c) > Re(b) > 0).
Theorem 9. For F,§“"5'7) (a,b;c;z) and CD,E,“’ﬁ'W) (b; ¢;2), we have
; Y ;
,B, 1 — —P
F;g ﬁy)(a,b;c;z) = bc b)f ub=1( Yeb=1(1 — zu) =% F, Faa—w | A
B B+l B+k-1
k/ k 7 7 7
k i '
B, 1 p— —b— —p
QD; ﬁw(b;c;z) = 71,(5)3(1}3’“;]) 0 ub 1(1 —u)° b Loz, F Fuli—u) du.
B p+1 Btk—
k/ k 7 .7 k 7
Proof. Using the known relation [13]
(kB,7) 1 ! x—1 y—1 ! ' —P
By (xy) = Tﬁ)/o w1 =)V Futi—) | A (49)
B B+l Brk—1,
k/ k 7y k 7

in (9) (for « = k), we get

KBY) (1 be e ) — 1 3 / bn—1 c—b-1
F b6 z) = 1
14 (11 ¢ Z) F(‘B)B(b,C — b) n;()(a>n 0 ( )
Y ’ o
X 1Fi ul—u) | 1 du
B B+1 B+k—
k7 k 77 k 7
Rearranging the integration and summation, we get
KBY) () b ey — 1 /1 b-1(1 c—b-1
Ey (a,b;¢;2) TB)BEc—b) Jo uw(1—u)
i ;
- > zu)"
X 1Fy Fu(1l—u) Z(ﬂ)n( n,) du,
B pt+1 B+k—1 n=0
k7 k7 7 7

which on using [9]

n

a-p=F e <y,

in the right hand side yields the desired result (49).

Similarly, using (49) in (10) and following the same procedure leading to result (49), we obtain result (49)
and thus the proof of Theorem 9 is completed. O

4. Some transformation formulas

First, the Mellin transform representation for the new extended Gauss hypergeometric and confluent
hypergeometric functions are obtained in the form of the following theorem:
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Theorem 10. For F;S“’ﬂ’w (a,b;¢;z) and @;,“’ﬂ”) (b;¢; z), we have

(a,,7)
@B (o b .ol _ Lo (s)B(b+s,cts—b) ' .
M {Fp (a, b,c,z),S} = Bb,c—b) 2Fi(a,b+s;c+2s;z), (50)
(a,B,7)
@B . .n. L Yo V(s)B(b+s,ct+s—b) . .
M {q)r? (b,C,Z),S} = B(b,c—b) 1F1(b+s;¢c+2s;z2). (51)

Proof. Using the definition of Mellin transform, we get

M{F]g“”g'w(abcz / . 1F“ﬁ7)(abcz)dp
Now using relation (22) in the right hand side, we get
(a,,7) s ) — 1 /1 b-1 c—b— 1 / s—1 7 P
M{Fp (a,b,c,z),s}— Bc—1) Jo 1 —1t) |op ] dp| dt.

Now using the one-to-one transformation (except possibly at the boundaries and maps the region onto

itself) u = oy W=t in the above equation and considering that the Jacobian of the transformation is | =

w(1l—w), we get

M {F,S""ﬁ'“’) (a,b;¢;2); s}

_B(b+s,c+s—b) 1 ! b+s—1 c+s—b—1 —a ~ uS 1Y
B(b.c—b) B(b—i—s,c—i—s—b)/ w (1—w) (1—zw) dwx/o E /5( u)du,

which on using relations (3) and (7) (for p = 0) in the right hand side yields the desired result (50).
Similarly, following the same procedure leading to result, we obtain result (51) and thus the proof of

Theorem 10 is completed. O

Theorem 11. For Fé“ﬁ”) (a,b;¢;2) and CIDIE,“’ﬂ”) (b;¢; z), we have

- (,B7)
@WBY) (o pey L /’°° Iy ™" (s)B(b+s,c+s—D) . R
F, (a,b,c,z)—zm, o B(bc—b) 2Fi(a,b+s;c+2s;z)p °ds,
j (.B7)
@B (. ) — /l°° Iy """ (s)B(b+s,c+s—Db) . R
@, (b;c;z) el B(b,c—b) 1F1(b+s;c+2s;z)p° ds.

Proof. Taking Mellin inversion of Theorem 10, we get the desired results. [

Next, we prove some other transformation formulas in the form of the following theorems

Theorem 12. For P,S"‘/W (a,b;c; z), we have
F}gzxrﬁﬂ) (a, b;c; Z) _ (1 . Z)_ﬂFlg“’/g,’Y) (a,c —b;c; Z—Zl> , (52)
F,S“'ﬁ”) (a,b;¢c;2) = (1— Z)be;ga'ﬁ/(y) <C —a,b;c; Z_Z1> ’ 3)

F;S""W (a,b;c;z) = (1 — z)c_“_bF,(,a’ﬁ’ﬂ(c —a,c—b;cz), (larg(l—2z)| < 7). (54)

Proof. By writing
—a
l1—z1-8)]"=1-2)"" (1 + 1_t> ,
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and replacing u — 1 — t in (22), we get

@BY) () p. . _ﬂ/l Cgpteb1 (12 N -p
F, (a'b'clz)_B(b,cfb) O(1 )’ 1 p— X Eyg M=) dt,

which on using (22), gives the desired result (52).

Similarly, using the same steps above and following the same procedure leading to result (52), we get the
desired result (53).

Now from (52) and (53), we obtain

_ y—ap(ap) e AN (@B (g Z
(1-2)""F, (H,C b'c'z—l) (1-2z)""F, (c a,b,c,z_1>,

which on putting a = ¢ —a and z = %, we get the desired result (54) and thus the proof of Theorem 12 is
completed. O

Theorem 13. For CIDIE,“//S’V) (b; c; z), we have
@g,a’ﬁ’v) (b;¢c;2) = exp(z)q)g,“”m)(c —b;c;—2z).

Proof. Putting u =1 — t in (38), we obtain

(@BY) (1. v — 1 /1  \b—lpe—b—1 z(1—f) oY P
o, (b;¢;2) B(bc—D) 0(1 P e EIX/B T dt,

which on using some simplification and using (38), yields the desired result. O

Theorem 14. For CIDIE,“//3 ) (b; c; z), we have the following relation

/0 ZufquI(gaﬁr’Y)(b; ¢;—z)dz = T(a)Frgalﬁm(a/C —b;c1), (55)

(Re(a) > 0; Re(B) >0; Re(y) >0; Re(p) > 0; Re(a) >0).
Proof. From Theorem 13 for z = —z, we obtain

(1);“/.3!7) (

b;c;—z) = exp(—z)(bg,“’ﬁ”)(c —b;c;z). (56)

Multiplying both sides by z?~! and integrating the resultant equation with respect to z from z = 0 to z = o,
we get

/ z“*1q>£,a’ﬁ’7) (b;c;—z)dz = / z”fle*ZQD;“/ﬁ’V)(c —b;c;2)dz,
0 0

0 b B(b,c—D) n!

Interchanging the order of integration and summation, we get

) ("‘//5/)’)
© g ZB (c—b+mnb) o . 4
/o = 1@%“/57)(17;6; —2)dz= —0 : B(b,c — b)n! /o e

n

which on using definition of Euler Gamma function [9] and then using (9), yields the desired result. [

5. Concluding remarks

In this paper, the authors established new extension forms of the hypergeometric functions with the
help of the new definition of extended Beta function given in [13]. Also, various properties of this extended
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functions are obtained. The authors conclude that if we let « = = ¢ = 1 throughout in the paper and use
the relations (13) and (17), then some known and new results due to the work of Chaudhry et al., [2] will be
obtained. Also, if we let & = 1 throughout in the paper and use the relations (11) and (15) then some known
results due to work of Ozergin et al., [6] will be obtained. Further if we let 8 = v = 1 throughout in the paper
and use the relations (12) and (16), then some known results due to work of Shadab et al., [11] will be obtained.
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