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Abstract

In the present paper, we show the equivalent definitions of the joint essential maximal numerical
range. In the current paper, we show that the properties of the classical numerical range such as
compactness also hold for the joint essential maximal numerical range. Further, we show that
the joint essential maximal numerical range is contained in the joint maximal numerical range.
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1 Introduction and Preliminaries

We denote by B(X) the algebra of (bounded) linear operators acting on complex Hilbert space X
with inner product (,) and norm ||.||. Stampfli in [1] introduced and studied the concept of maximal
numerical range of a bounded operator 7" on B(X) and used it to derive an identity for the norm
of derivation. The maximal numerical range of an operator 7" is denoted by MaxW (T") and defined
as MaxW(T) ={r € C: (T'zyn,zn) = r, where z, € X; ||zn|| =1 and || Tz.|| — || T||}-
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Recall here that a derivation on a Hilbert space X is a linear transformation ¢ : X — X that satisfies
d(zy) = 26(y) + 0(x)y Vz,y € X. Recall also that derivation ¢ is said to be an inner derivation if
for a fixed = we have 0 : y — 2y — yx. For an operator T' € B(X), the inner derivation is denoted
and defined as 67 (Y) =TY — YT where Y € B(X). Stampfli [1] determined the norm of an inner
derivation and showed that ||dr| = 2inf{||T — A|| : A € C}. Several other properties of the set
MaxW (T') are known. For instance, it is clear from the following theorem that the set MaxW (T")
is nonempty, closed and convex.

Theorem 1.1. MaxW (T) is nonempty, closed and convex subset of the closure of numerical range.

The proof of the theorem can be found in Stampfli [1].

The concept of maximal numerical range was later generalised by Ghan in [2] to the joint maximal
numerical range, MaxW,,(T"), of an m—tuple operator T = (11, ..., Ty») € B(X). The joint maximal
numerical range of T' = (T, ..., Tim) € B(X), denoted by MaxW,,(T'), is defined as,

MaxWp, (T) = {r € C™ : (Txxn,Tn) — 1%, where 2, € X; ||zn|| =1 and [|[Thzn| — |Tkll;
1<k<m}.

In the case k = 1, it is the usual maximal numerical range of an operator 7. From the properties of
the joint maximal numerical range, it is known that MaxW,, (T') does not have translation property
by scalar, that is MaxWy, (8T 4+ aI) # fMaxW,,(T) + aV 3,a € C™.

In particular, it is known that MaxW,, (T') N MaxW,, (T + 8) = ( for any
0 # /B = (517 "‘aﬁm) eC™ (See [3]).

Several other properties of the set MaxW,,, (T) are also known as shown by the following results.

Theorem 1.2. The following conditions are equivalent for an operator T = (11, ...,T) € B(X).
(i) 0 € MazWp,(T)
(it) |71 + [rf* < | 7)Y r = (r1, o0 7m) €C™
(i) |IT]| < |IT+r||Vr=(r,..,m) €C"

The proof of the theorem can be found in Khan [2].

Lemma 1. Suppose T = (Ti,...,Tm) € B(X),||Tk|| =1 and ||z.| = 1.
If | Tewal® > (1 @), then || (T{ T — ) ol < 2e.

Proof. Since Ty T, — I > 0 it follows that,

T Tewnl|* = 2| Tewn | + [l

(1% Tiwn | = | Teanl*) — (1Tkwnll® = [lza]*)
2€.

(75T — 1) a®

IN

It is known that MaxW,,(T') is compact but is not always nonempty for

T = (T1,...,Tim) € B(X). It is also not always convex. In the following theorem, we use the classical
Toeplitz-Hausdorff Theorem to show one case in which MaxWy, (T') is convex.

Theorem 1.3. Let T = (Th,...,Tw) € B(X) be an m—tuple of operators. The set MazW,,(T) is
convez.
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Proof. Let A= (A1,...; Am), b= (p1, -, o) € MaxW,, (T).

Since A = (A1, .., Am), 1= (W1, ..., bm) € MaxWp,(T'), it implies that there exist xn,yn € X such
that ||zn|| = 1, | Tezn|| = 1Tk, (TkZn,zn) =X 1<k<m
and |lynl| = 1, | Toynll = [ Tkll, (Thyn,yn) = p; 1 <k <m.

Let M,, be a subspace spanned by x, and y, and P, be a projection of X onto M,. Suppose
Tn = PnTiPn, then (Txxn,zn) = (Tkyn,yn) are in the numerical range of P,TiPn. By Toeplitz-
Hausdorff Theorem, W (P,T,Pr) is convex and so for each n we can choose an, B with v, =
anTn + Bnyn = 1 (where v, is a sequence in X). If 5 is a point on the line segment joining
A= (A1, ., Am) and g = (U1, oy fom ) then (Txvn, vn) — nand |[v,|| = 1. Note that [{(zn, yn)| <6 < 1
for n sufficiently large. This implies that the angle between x, and ¥, is bounded away from 0.
Therefore, there exists a constant M such that |a,| < M and |8,]| < M for n sufficiently large, where
1]l = llann + Bugnll = 1. By Lemma. 1, || Tevnll = (T Tevm, vn) = (T Te(@nn + Buyn), (@nn +
Bnyn)) = |lvnl* — 2Me where €, — 0. That is, || (T;Tx — I) x| — 0 and || (T¢ Tk — I) yu|| — 0 as
n — oo. Thus ||Tkvn| — 1 as n — oo implying that ||Tv,| — ||T]] as n — oo. O

We also recall that MaxW,,(T) corresponds to the joint numerical range produced by maximal
vectors (vectors x such that ||z,| = 1 and || Tz, || = |T||- ||z= | = ||T||) when X is finite dimensional.
See [2] for this and more.

Recall here that the joint numerical range of an m-tuple operator T = (T1,...,Tn) € B(X) is
denoted and defined as,

Wi (T) = {((Tlx,:c), (Tmm,x>) z € X, (z,z) = 1}.

This study of joint numerical range of an m-tuple operator T' = (T1, ..., Trm) € B(X) was generalised
to the study of the joint numerical range of the Aluthge transform T of an m-tuple operator
T = (Th,...,T) in [4]. This notion was also generalised to the study of the joint essential numerical
range of Aluthge transform T of an m-tuple operator T' = (T4, ...,T)n) in [5]. Here, the Aluthge
transform T of the operator T is defined as the operator T = |T\%U\T|% where T' = U|T| is any
polar decomposition of 7" with U a partial isometry and |T'| = (T*T)%.

2 Joint Essential Maximal Numerical Range

Fong [6] introduced the essential maximal numerical range to study the norm of a derivation on
Calkin algebra in 1997. The essential maximal numerical range, MaxW,(T), is defined as

MaxWe(T) ={r € C: (Txn,xn) = 7, xn — 0 weakly and ||Tzn| — ||T]}-

Here, ||T||e denotes the essential norm of T' defined by ||T||e = inf{||T + K|| : K € K(X)} where
K(X) is the ideal of all compact operators in B(X).

It is clear that ||0:|| = 2||t|| if and only if 0 eMaxWe(T') where ¢ is the image of T' in the Calkin
algebra. See [6].

Lemma 2. MaxW,(T') is nonempty, closed and convex subset of the essential numerical range.

See Fong [6] for the proof.

In the following theorem, ReA stands for the real part of A € C while ImA stands for the imaginary
part of A\ € C. Here, Re(T) = 3(T + T*) while Im(T) = 5;(T — T*) where, for an operator
T € B(X), T" denotes its adjoint. We remind the reader that the adjoint of an operator T' € B(X)
is a linear operator T* € B(X) defined by the relation (Tz,y) = (z, T"y) Vy,z € X.
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Theorem 2.1. Suppose T € B(X). Then MaxW.(T)N MaxW,(T — a) =0 for 0 # a € C.

Proof. Let pn € MaxWe(T) N MaxW,(T — «). Then p € MaxWe(T') and p € MaxW,(T — «). By
definition, when p € MaxWe(T'), then there exist a sequence {x,} € X of unit vectors converging
weakly to 0 € X such that ( Tzy,z,) = r and | Tzy|| — || T||e for r € C.

Also, for a € C, when 1 € MaxWe (T — «) then there exists a sequence {z,} € X of unit vectors
converging weakly to 0 € X such that { (T — a)zn,zn) = 7 and [|[(T — &)z, || = ||T—alle for r € C.
Now, Since u € MaxW,(T), then, for r € C we have

(T + r)znl* = | Tznl? + 2Re 7(T@n, zn) + |r|*.
From this, we have
ITI? + 2Re 7+ |rf* < ||T + 7|, (1)

Also, since p € MaxWe(T — «), then for r € C we have
(T = a) +rlan|?* = (T — &)an|* + 2Re T(T — a)zn, zn) + |r|*
which implies that

IT = all® + 2Re Tu+ |r[* < ||IT —a+r|? (2)
Letting r = —a and r = « in (1) and (2) respectively, we obtain
ITI* = 2Re ap + |o|* < T~ af?
and
IT — al]® 4+ 2Re au + |af* < ||T|.
Combining these two results yield |a|? < 0 which is impossible. Thus the assumption is wrong. [
The notion of essential maximal numerical range was generalised to the study of the joint essential

maximal numerical range by Khan [3] who proved certain results analogous to the single operator
case. The joint essential maximal numerical range, denoted by MaxWe, (T, is defined as

MaxW,

em

(T)={r e C™ : (Thzn,zn) = Tk, Tn — 0 weakly and ||Txxn| — [|Tklle; 1 < k < m}.

Here, ||T%||e denotes the essential norm of T}, defined by [|Tk||e = inf{||T + K|| : K € K(X)}. In [3],
it was shown that MaxWe, (T) N MaxW,, (T + 8) = 0 for 0 # 8 = (B1, ..., Bm) € C™. In the case
k = 1, the joint essential maximal numerical range becomes the usual essential maximal numerical
range, MaxW,(T).

The joint essential maximal numerical range was also studied by Cyprian, Masibayi and Okelo [7]
who together showed that it is convex among other interesting results. In [8], Cyprian generalised the
notion of the joint essential maximal numerical range to the study on the joint maximal numerical
range of aluthge transform T of an m-tuple operator T' = (T4, ..., Tn).

This paper is a continuation of the study of the notion of the joint essential maximal numerical
range which is helpful in the development of the research on numerical ranges. We examine some
properties of the set MaxWe,, (T'). The following theorem proves some equivalent definitions of the
joint essential maximal numerical range.

Theorem 2.2. Suppose X is an infinite dimensional complex Hilbert space and T = (T1,...,Tm) €
B(X). Let r = (r1,...,rm) € C™. The following properties are equivalent:
1. r € MaxWe,, (T)

em
2. There exists an orthonormal sequence {Tn}ne1 € X such that
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(Ten, zn) = 1 and || Tezn| = [Telle;1 < k< m.

3. There exists a sequence {x,}ary € X of vectors converging weakly to 0 € X such that
(Thxn,zn) = 1K and ||[Tezn| — [|Tklle ;1< k< m.

4. There exists an infinite - dimensional projection P such that

P(Ty —ril)P € K(X) and | TkPlle = ||Tklle;k=1,...,m

Proof. Note that 1 < 2 and 1 < 4 was proved by Khan [3].

To prove that 2 = 4, let {x,}5=1 € X be an orthonormal sequence such that
(Trhan,n) = 1% and [|[Tezn| — [|Tklle ;1< k< m.

By passing to a subsequence we can assume that

oo

Z T — 7% mn,xn>| < 00 (3)

n=1

Let ny = 1. Then Z {(Tk — %) Zny s 2n)|* < ||[(Th — 71) @0, ||
n=1

an k — Tk)Tn,Tn < k—Tk) Tn . us, by Bessels inequality, there 1s an integer
d T OF < T *&n, ||>. Thus, by Bessels i lity, there i i

n=1

no > n1 such that Z (T — rk)mnl,xn>| <271 and

n=ng

Z [{(Te —7k)Tn, Tn,) |2 < 271 If this procedure is repeated, a strictly increasing sequence {n; }§2,
n=ng
of positive integers is obtained such that we have

oo
> Tk = ri)an,, m0)|? <277

n=ngi1

and
oo

Z Ty — Tk xmxnt)' <27! (4)

n=ngii

Both (3) and (4) imply that
> Tk = i)z, )| < 00 (5)
=

t, =1

If P is an orthogonal projection onto the subspace M spanned by Zn,, Zn,, ..., then

Z {(PTxP =74 P)Tp,, xn,)|* = Z (T — %) Tng, ny )|* < 00 by (5), hence PTy P is a Hilbert
¢, 1=1 =1

- Schmidt operator and therefore PTx P — rp, P € K(X).

We now show that (3) implies (2). Let {zn}n21 € X be a sequence of vectors converging weakly to
0 € X such that { Thzn,xn) = 1% and ||[Tezn|| — [[Tklle ;1 < k< m.

Construct an orthonormal sequence {yn}nz1 such that [|Teyn|| — [|Tk|le — = and [(Tkyn,yn)| < =

n

as follows. Suppose that the set {z1, ..., 2, } has been constructed. Let M be the subspace spanned
by x1,...,xn and P be the projection onto M. Then we have ||Pz,| — 0 as n — oco.



Cyprian; JAMCS, 35(3): 1-8, 2020; Article no.JAMCS.53830

Let z, = H([f Pz,

B (- Pya.).

-1
(Tk(l — P)xn> This gives

We have Ty z, = H([ — P)x,

B (1= Pan) )

2
{(Tkxn In) = (TeXn  Prn) — (T Pxn,xn)+ (T Pxn ,P:En>}

(Thozmy2n) = <H(1 — P)a, - (Tk(l - P):pn), H (I - P)z,

~ =P

— Tk.

We choose n large enough such that [(Tkzn,2zn) — 71k| < (n + 1)71. If we let z,, = xnt1 we get
(Th2ni1, Tni1) —ri] < (n+1)7"

To show that (3) implies (1), suppose that for a point r, € C™ there is a sequence {z,} € X such
that (Txn,xn) — Tk. Since every sequence {z,} — 0 weakly, and ||z, | = 1, we have
r — MaxWe,, (T). O

We state the following theorem without proof since its proof runs like that of Theorem 2.1

Theorem 2.3. Let T = (Th,...,Tyn) € B(X). Then MaxW.,, (T) N MaxW,, (T —«) = 0 for
0# a=(a1,..,am) €C™.

Theorem 2.4. Let T = (Ti,...,Tyn) € B(X). If0 € MaxWe., (T — a), then ||T — o+ |a|® < ||T|?
for all a = (a1, ...,am) € C™.

Proof. Suppose 0 € MaxW,, (T — «), then there exists a sequence x,, € X such that

((Tx — ar)@n,n) — 0, where z, € X;|zn|| =1 and [|[(Tk — aw)zn| = [Tk —an)|;1 < k< m.

But [T} — OékH2 + \ock|2 = lim ||Tkxn|\2 < HTkHz; 1 < k < m. Taking finite summation on both
n—oo

sides we obtain » ||Tk — awl® + Y lakl® < Y| Tk|*. Hence, [T — af* + |af* < ||T|* for all
k=1 k=1 k=1
a=(a1,..,am) € C™. O

Recall that a subset C of a linear space M is convex if Va,y € C the segment joining x and y is
contained in C, that is, tx + (1 — t)y € C Vt € [0,1]. A set S is starshaped if 3 y € S such that
Vx € S the segment joining x and y is contained in S, that is Az + (1 — \)y € S VA € [0, 1].

A point y € S is a star center of S if there is a point x € S such that the segment joining = and y
is contained in S.

Starshapedness is related to convexity in that a convex set is starshaped with all its points being
star centers.

Theorem 2.5. Suppose T = (Th,...,Tm) € B(X). Then MaxW,,, (T') is nonempty, compact and
each element r € MaxWe,,, (T) is a star center of MaxW,,(T). Moreover, MaxW.,,, (T) is convez.

Proof. First, we prove that MaxWe,,, (T") is nonempty. To do this, from Theorem 2.2, there exists
an orthonormal sequence {z,}5=; € X such that

(Tkn, zn) = ri and [|[Trzn| = |Tklle;1 < k< m.

Thus the sequence {(TkZn, Tn)}ne1 is bounded. Choose a subsequence and assume that (Txzn, Zn)
converges. Then MaxWe,, (T) is nonempty.
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em (T') =
MaxWe, (T + K) C MaxW,, (T + K) : K € K(X). Since MaxW,,(T + K) compact, the joint
essential numerical range is also compact.

The compactness of MaxWe,, (T') can be seen right from its properties. That is, MaxWV.

To prove that each element r € MaxW,, (T) is a star center of MaxW,, (T'), it should be shown that
(I=X)p+Ar € MaxWp,(T') : A € [0, 1] where r € MaxWe,,, (T') and p € MaxW,,(T"). Assume without
loss of generality that ||T']] = 1. Suppose s € MaxW,,,(T') so that s = Ar + (1 — \)p. Let {z,} and
{en} be orthonormal sequences in X such that r = (T'zyn, zn),p = (Ten, e,) and ||z,]| = |len|| = 1.
Then,

5 = MTZn, 20) + (1 — X)(Ten, e5)
_ <Tﬁ mﬁx> + <Tm m>

= <(Tﬁ T +TVI = Xep), VA zn +V1— A en)>

2 2 2
H\/Xwn—l—\/l—)\en :(‘\/an —I—H\/l—)\en>

= Mlall® + (1= N)enl®

=A+(1-X=1

Thus, (1 — A7 + Ap € MaxWp, (T).

Convexity of MaxWe,, (T') is proved by showing that for r,p € MaxW,,, (T') and X € [0, 1] we have
Ar+ (1= XN)p € MaxWe,, (T). Now, r € MaxWe,,, (T) = MaxW,,, (T + K) for every K € K(X) and
p € MaxWe,,, (T) = MaxWe,, (T + K) CMaxW,,(T + K).

By Theorem 2.5, Ar + (1 — \)p € MaxW,, (T + K).

Thus, A\r + (1 — A)p € N{ MaxW,,,(T + K) : K € K(X)} = MaxW.,, (T). Hence MaxW.,,(T) is
convex. O

The following theorem shows the relation between the sets MaxWe,, (T') and MaxW,,(T'). Here, we
let T'= U|T| be any polar decomposition of T' with U a partial isometry and |T'| = (T*T)%7 where,
for an operator T € B(X), T™ denotes its adjoint.

Theorem 2.6. Let T € B(X) and |T| = (T*T)2. Then MaxW.,, (T) C MaxW,(T).

Proof. Assume, without loss of generality that ||T']| = 1 and let r = (r1, 72, ...,7m) € MaxWe, (T).
Then, there exists a sequence {z,} € X of unit vectors converging weakly to 0 € X such that
(Txp,xn) = 7 and ||Tz,| = ||T||e. Then, ||| %z, || = |||T)'/?|| = 1 as n — oo and

(1 = |Tzn|| = 0 as n — oo. Also, ||(1 — |T|*)zn| = 0 as n — co.

Thus, le T\ 2| = le (|TPPxn, zn) =1 =||T]|. And,

im (T, 20)—(T|T|2 20, |T|2 z2)

n— oo

~ lim \<U\T|%xn, (T} ) (T|T e, [T )
n—oo

= lim ‘<(U|T\1/27U|T||T|1/2)xn, \T|1/2:rn>

n—o00

= 1im ]<<U\T|”2><1 T, |T\“2xn>|
n—oo
< T (U122~ [Tl T2,

=0.
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If we let z, = (|T)"?z,)/(|||T|"?xn||) then {z,} € X is a sequence of unit vectors converging
weakly to 0 € X such that ( Tzn,2,) — 7 and [|T2,]] — ||T||e. Thus r € MaxW,,(T'). Hence
MaxWe,, (T) C MaxWi, (T). O

3 Conclusions

Section 2, studied the properties of the joint essential maximal numerical range. For instance, we
proved the equivalent definitions of the joint essential maximal numerical range and proved that
the set MaxWe,, (T) is nonempty, compact and convex. It was also shown that the set MaxW-,, (T')
is a contained in the set MaxWp, (T').
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