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Short Research Article

ABSTRACT

Hyperbolic paraboloids represented by the ternary quadratic diophantine equations given by
(k+1F x> —k?y? =2z and k’ay®-(a-k+1)x> =(k? ~1p+k-1)z,a>k-1>0 are respectively
considered. Employing matrix method, generation formula for integer solutions to each of the above
hyperbolic paraboloids is constructed in the present study.

Keywords: Ternary quadratic; non-homogeneous quadratic; generation of solutions; hyperbolic
paraboloid.

1. INTRODUCTION equations which has been considered by many

mathematicians since antiquity. The study of
One of the oldest and largest branches of diophantine equations is the study of solutions of
Number theory is the subject of diophantine polynomial equations or systems of equations in
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integers, rational numbers or sometimes more
general number rings. A diophantine equation is
an indeterminate polynomial equation that allows
the variables to be integers. A natural extension
of ordinary integers into complex numbers is the
Gaussian integers in which, both the real and
imaginary parts are integers. It is quite obvious
that diophantine equations are rich in variety and
several methods are available to obtain solutions
either in real integers or in Gaussian integers. In
this context, one may refer findings of other
researchers [1-10].

The aim of this research work is to illustrate a
process for generating the sequence of integer
solutions to the given hyperbolic paraboloid
based on its known solution.

2. METHOD OF ANALYSIS

2.1 Hyperbolic Paraboloid: 1

Consider the hyperbolic paraboloid given by:

(k +1f x* —k?y? =2z (1)

Introduction of the linear transformations

X=X+kT ,y=X+k+1¥T , z= 2k +1)W
2)

leads to

X2 =k?(k +17 T2 +2W

Which is satisfied by

T =4K ,W =22k +1F K? = X = 2K (2Kk? + 2k +1)
In view of (2), we have

x=(8k +4k+2)K , y=(8k>+12k+6)K , 3)
z=2(2k+1) K?

Denote the above values of x, y, z as x,,¥,,2,

respectively. A process of obtaining a sequence
of integer solutions to the given equation based
on its given solution has been illustrated (3).

Let (x1 Y ,z1)given as:

X, =h—(2k+1)x, , y, = h+@2k+1)y, , z, = 2k +1) z,
(4)

which is also a solution of (1) as well in which h
is an unknown to be determined.

Substitution of (4) in (1) gives the value of h to be
h = 2(k +1f x, + 2k?y, (5)
Using (5) in (4), the second solution is given by

x = (2K + 2k +1)x,+ 26 y, . », )
= (2K + 4k +2)x, + (2K + 2k +1) y,

and  z = (2k+1Y z, @)

Proposition:

The n" solution (xn Y ,zn) of (1) is represented
by
X, =h-Q@k+1)x,_,, ¥, =h+2k+y,,,z,=2k+1} z,.,

Proof:

To obtain the values of x,,,y,,, the following steps
have been taken.

The solution (6) is written in the matrix form as
follows:

(1 y1) =M(xo.y,)

Where, t is the transpose and M is the matrix of
order 2 x 2 given by

2k? + 2k +1 2k?
M =
2k? + 4k +2 2k% +2k +1

In general, (x,,y,) =M"(xy.,¥,)
To find M" , consider the characteristic equation
M- 21|=0 (8)

Where, | is the unit matrix of order 2 and A is the
Eigen value of M.

Solving (8), the Eigen values of M are given by
A=k +17, 2, =1
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It is well-known that,

%
A =k

A
PR

(M= 2,0)+ (M- 2)

1 (2K + 2)( (2K + 17" +1)
(4 + 4k)| (2K 1 ak +2)((2K + 177 ~1) (2K2 + 2 )((2k + 1P +1)

Thus, we have

1

2k? (2K + 17" -1)

X, = [(22 + 2)( (2K + 177 +1) x, + 262 (2K + 177 ~ 1)y, ]

4K7 + 4k

y - m (22 + 2k + 2)( (2K + 17" —1) xo + (K2 + 2K )( (2K + 17" +1)y, ]

z, = 2k +1}" z,
Thus, (9) and (10) represent the generation
formula for the given hyperbolic paraboloid in
terms of its given solution.
2.2 Hyperbolic Paraboloid: 2
Consider the hyperbolic paraboloid given by
Kay? —(a-k+1)x* =(k2 -1p+k-1)z,a>k-1>0(1)
Introduction of the linear transformations
x=X+k¥aT ,y=X+(@-k+1T 2)
leads to
X?=k?ala-k+1)T?+z

which is satisfied by
2
T=K,z =(7(k _21)kj K> = X= K(ak—i(k _21)"]

In view of (2), we have

Xx= g(Za(kz +k)-k(k=1)), y= g(Za(k +1)=(k-1)(k +2))
®3)

Denote the above values of x, y, z as x,,Y,,Z2,

respectively. A process of obtaining sequence of
integer solutions to the given equation based on

(10)

its given solution has been illustrated in the
present study (3).

Let, (x,,y,,2,) given as:
X :h+((k271)a+k71)x0 .V :hf((szl)a+k71)y0 ,

z, :((k2 71)a+(k71))2 z,
(4)

It is also a solution of (1) as well in which h is an
unknown to be determined.

Substitution of (4) in (1) gives the value of h to be
h = (2a -2k + 2)x, + 2k?ay, (5)
Using (5) in (4), the second solution is given by
xl:((k2+1)a—k+l)xo+2k2ay0 e )
= (2a=2k+2)x,+( (K> +1)a—k+1)y,

z=((k* -1+ (k-1 z (7)

Proposition:

and

The n" solution (xn Y ,zn) of (1) is represented
by

X, :/1+((k2—l)a+k—1)x”4 Y :/1—((k2—1)a+k—l)yn7| N

(Pt =
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Proof:
To obtain the values of x,,,y,,, the following steps have been taken.
The solution (6) is written in the matrix form as:

(1) = M(x;. o)
Where, t is the transpose and M is the matrix of order 2 x 2 given by

- (k2+1)a—k+1 2k*a

2a-2k+2 (K +1a—k+1

In general, (x,,y,) =M"(xy,y,)
To find M ", consider the characteristic equation

M- 41]=0 (8)
Where, | is the unit matrix of order 2 and A is the Eigen value of M
Solving (8), the Eigen values of M are given by

A=k +1)a—k+1+2k\a’ —ak+a ,

A=k +1)a—k+1-2k\a’ —ak+a

It is well-known that

A A (-
M _ﬂl_/%(M 121)+/12_ﬂl(M Al)

_; 2km<d1+ﬁ”) 2k2a(a”—/3”)
o —ak+a | (2a-2k+2)(a'-p") 2 -ak+a (a"+p")

Thus, we have

1 2 n n 2 n n
x,,:mpkﬂa —ak +a (a +p )x0+2k a(a -p )yOJ o)

Y, = %[ (2a—2k+2)(a” -p" )x0 + 2k Ja® —ak +a (a” +p" )yo}
4k+ja® - ak +a

z, = ((k* = 1)a+(k-1)f" z, (10)

n



Adiga and Gopalan; CJAST, 28(3): 1-5, 2018; Article no.CJAST.42693

Thus, (9) and (10) represent the generation
formula for the given hyperbolic paraboloid in
terms of its given solution.

3. CONCLUSION

From the present study, a general formula
generating sequence of solutions to the given
equations based on its initial solution has been
successfully obtained. As the diophantine
equations are rich in variety due to its definition,
therefore, one may attempt for obtaining
generation formula for other choices of
hyperbolic paraboloid.
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